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Part 1

Contributions to imprecise
probabilities



Chapter 1

Introduction

Recently, the Society for Imprecise Probability Theory and Applications (SIPTA)
has changed its name and is now called The Society for Imprecise Probability:
Theories and Applications (SIPTA) in order “to emphasize that there are the-
ories of imprecise probability, rather than a single theory” !. Indeed, a short
glance at de Cooman et al. (2007) shows that there a even many theories of im-
precise probabilities. Two of the most important ones are the theory of coherent
upper previsions (or coherent lower previsions) developed by P. Walley (see Wal-
ley (1991)) and the theory of F-probabilities developed by K. Weichselberger
(see Weichselberger (2000) and Weichselberger (2001)). A first superficial read-
ing of Walley (1991) and Weichselberger (2001) gives the impression that both
concepts were most different from each other even though they are not. This
totally wrong impression is the unfortunate consequence of the most different
presentations used in these books. While Weichselberger (2001) is written in
terms of random variables, probability measures and expectations (i.e. in terms
of classical probability theory), Walley (1991) is written in terms of gambles,
buying prices and previsions. As a consequence, many statisticians will highly
underestimate the importance of Walley (1991) within the mathematical theory
of statistics.

Since most part of the work presented in the following is motivated by applica-
tions in statistics, the presentation is based on concepts which are fundamental
in traditional probability theory — such as sample spaces and probability mea-
sures — or which are close to traditional concepts — such as probability charges.
Probability charges are similar to probability measures, the only difference is
that, for probability charges, o-additivity is relaxes to finite additivity. Accord-
ingly, probability charges are often called “finitely additive probability mea-
sures” (e.g. in Dunford and Schwartz (1958)); the term “probability charge”
originates from Bhaskara Rao and Bhaskara Rao (1983).

The definition of probability charges and some basic facts about them are re-
called in Chapter 2. Next, Chapter 3 essentially recalls the definition of coherent
upper previsions due to P. Walley. However, as mentioned above, the presen-
tation totally differs because, here, Walley’s definitions and some basic results

1(de Cooman et al., 2007, p. xi)
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are reformulated in terms of sample spaces and probability charges?. By doing
this, some of the basics results are slightly generalized.

On the one hand, such a reformulation may increase the accessibility of Walley’s
theory within mathematical statistics — the formulation in terms of gambles and
buying prices seems to significantly handicap a wider acceptance of the whole
theory. On the other hand, this makes a comparision with Weichselberger’s
theory more straightforward.

Chapter 3 investigates the concept of “upper expectations” which has been
defined by Buja (1984) within robust statistics. Though this relatively old
concept has been disregarded within the theory of imprecise probabilities so
far, it may play an interesting part as a link because it lies somewhere between
coherent upper previsions and F-probabilities. By use of this intermediate step,
a comparison between Walley’s and Weichselberger’s concepts gets more easier:
The only difference between coherent upper previsions and upper expectations
is the fact that the latter concept insists on o-additivity while Walley’s concept
of coherent upper previsions dispenses with o-additivity. So, in a sense, upper
expectations turn out to be a special case of coherent upper prevision. Next,
F-probabilities can be defined as special upper expectations.

Most part of Chapter 3 is concerned with topological properties of upper expec-
tations. This is because many theoretical evaluations in decision theory make
use of minimax theorems and these minimax theorems heavily rely on topology.
With this objective in mind, it follows from the investigations of Chapter 3 that
the topological properties of coherent upper previsions are more convenient than
the ones of upper expectations. This is the reason why the remaining parts of
this book mainly deal with the concept of coherent upper previsions.

Though there are some differences between coherent upper prevision and upper
expectations, the results from Chapter 5 shows that — in a sense — this is no
longer true from an abstract point of view. In Chapter 5, it is proven that every
coherent upper prevision can be represented by an upper expectation via the
Stone representation theorem. Therefore, both concepts may be considered as
equivalent. This is not only theoretically interesting but also beneficial later on:
By use of this representation, concepts which rely on o-additivity can also be
defined for coherent upper prevision in a canonical way even though o-additivity
is usually not available in case of coherent upper previsions; see Section 8.3.

2Reformulations in terms of probability charges have also been done by other authors, e.g.
Troffaes (2007b).



Chapter 2

Precise probabilities

Before different concepts of imprecise probabilities are introduced, some no-
tation has to be fixed and some facts about precise probabilities have to be
recalled:

2.1 Probability charges

Let 2 be a set and A an algebra on (2.
Definition 2.1 A bounded charge on (Q,.A) is a map

w: A — R
such that
u(@) = 0 (2.1)
—00 < p(A) < oo VAe A (2.2)
and

n

A Ane A AnA; =0 (47 = w(J4a) =D u4,) 23)
=1 =1

Bounded charges are also called finitely additive, bounded, signed measures.
The term “charge” or “bounded charge” originates from Bhaskara Rao and
Bhaskara Rao (1983).

According to (Dunford and Schwartz, 1958, p. 240), the set of all bounded
charges is denoted by ba(€2, A).

Definition 2.2 A probability charge on (£2,.4) is a bounded charge P € ba(Q, A)
such that

P =1 (2.4)
and

0 < P(A) VAcA (2.5)
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Probability charges are also called finitely additive probability measures. The
term “probability charge” originates from Bhaskara Rao and Bhaskara Rao
(1983) again.

In the following, ba(£2,.A) is provided with some additional structures — namely
with a norm which makes it a Banach space, with an ordering which makes it
an L-space and with a weak topology. To this end, ba({2,.4) is identified with a
suitable dual space at first.

14 denotes the indicator function of A for every A C . Functions s : 2 — R
of form

m
s: wHZakIAk(w), ai,...,am € R, Ay,...,A, € A, meN
k=1

are called A-simple functions.
Let L£5(£2) denote the vector space of all functions f : @ — R such that
sup,cq |f(w)| < oo. Provided with the norm

[fl = sup [f(w)]
weN

L(2) is a Banach space, which contains every A-simple function s. Let
L0(€, A) denote the norm-closure of the set of all A -simple functions in £, ()

Loo(Q,A) = ¢l ({s:Q2—R]sisan A-simple function}) (2.6)

Hence, L£(£2,.A) is also a Banach space. If A is even a o-algebra, this definition
of Lo(92, A) coincides with the more common definition in case of o-algebras;
cf. (Dunford and Schwartz, 1958, p. 240):

Lemma 2.3 If A is a o-algebra on €2, then
Loo(,A) = {f:Q—R| fis bounded and A-measurable}

Note that Lo (2, 4) = L(Q) if A is the power set of Q.

For every p € ba(Q2, A) and every f € Loo(Q,.A), the integral [ fdu is defined
in the following way (cf. e.g. (Dunford and Schwartz, 1958, § I11.2)):

/sdu = Z%M(Ak) (2.7)
k=1

for every A-simple function s = Y} | apla, .

/ fdp = lim / s dps (2.8)

where (sn)nen is a sequence of A -simple functions such that ||s, — f|| —— 0.

n—oo

The following lemma says that the bounded charges u € ba(f2,.A) can be iden-
tified with the continuous linear functionals on £, (£, A).
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Theorem 2.4 For every p € ba(£2,.A),
Loo(9,4) — R, f*%(/fdu

is a continuous linear functionals on Lo (2, A).
Conversely, for every continuous linear functional

T: Lo A) — R, [ = T(f)

on L(2,A), there is a unique p € ba(Q2, A) such that

ﬂn::/fw f e Lol A)

That is, ba(Q, A) is the dual space of L (92, A).
Confer (Dunford and Schwartz, 1958, Theorem IV.5.1).

Notation 2.5 Since the elements of ba(Q, A) are rather considered as linear
functionals on Lo (€, A) than as set functions on A, the notation

mﬂ:/fdu, peba(@A), f e Lo A)

is used in the following.

Norm:

As dual space of the Banach space L (€2,.4), ba(£2, A) is again a Banach space
with norm

leell = sup {ulf] | Iflloc <1}

This norm coincides with the total variation norm on ba(2, A); cf. (Dunford
and Schwartz, 1958, Theorem IV.5.1).

Ordering:
As dual space of L(€,.A), ba(Q2, A) has a natural partial ordering <

p < g & mlf] < wlfl V=20, feLlo(@A) (29

As usual, 1 < po is also denoted by ps > p1. Note, that it is only required
that p1[f] < pelf] for every non-negative function f. In case of u1[f] < p2lf]
for every function f, linearity implies 1 = ps .

Theorem 2.6 ba((2, A) is an L-space.
(Cf. (Bhaskara Rao and Bhaskara Rao, 1983, Theorem 2.2.1).)

Especially, ba(f2, A) is a Dedekind complete Banach lattice. All these basic
notions from lattice theory are collocated in Section 20.

The positive elements of ba(2,.A) are the elements p € ba({,.4) such that
w > 0. It is easy to see that

lull = plle]  ¥Yu >0, peba(Q,A) (2.10)
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Furthermore,

w >0 & u(A) >0 VAe A (2.11)

That is, the usual order on bounded charges or bounded, signed measures co-
incides with the order defined by (2.9).} Therefore, the probability charges are
precisely the normed (||u]] = 1), positive elements of the L-space ba(Q,.A).
Accordingly, the set of all probability charges is denoted by ba® (€, .A).

Furthermore, the probability charges are precisely the precise coherent previ-
sions on Lo (€2, A) — a term which is common in the theory of imprecise previ-
sions according to Walley (1991).

Weak*-topology:

ba(£2, A) can be endowed with the weak*-topology. This is the weakest topology
such that, for every f € L(Q,.A),

Aj: ba(Q,4) = R, = Ap(p) = plf]

is continuous. Some facts about this topology are collocated in the Appendix.
Later on, additional topologies of the same kind will be introduced. To unify
notation, the weak*-topology is called £ (€, .4) - topology on ba(f2, A) — as in
(Dunford and Schwartz, 1958, p. 420).

Now, ba(€2, A) already has two different topologies, namely the norm-topology
and the (weaker) L. (Q,.A)-topology. To make clear what topology is used,
topological terms such as compact, open, closure etc. usually are denoted by
norm-compact, L, (£2,.4) - open, norm-closure etc.

The following theorem is one reason why the £ (€2, .A) - topology is very useful.

Theorem 2.7 The set of all probability charges bat (Q, A) is Loo (2, A) - compact
in ba(Q,A) .

Proof: ba(f, A) is the dual space of L(,.4) (cf. Theorem 2.4). Hence, the
closed unit sphere {p € ba(Q, A) | ||u|| <1} is Loo(€2, A) - compact in ba(€2,.A)
according to (Dunford and Schwartz, 1958, Theorem V.4.2).

Because of bai(Q,4) C ba(Q,A)| ||u]| < 1}, it is enough to show that
ba® (9, A) is Loo(Q,.A)-closed. The latter statement is an easy consequence
of Theorem 21.2b). O

2.2 Probability measures

Let Q be a set and A a o-algebra on €.

Definition 2.8 A bounded, signed measure on (2,.4) is a map

p: A — R

1(2.11) may be proven in the following way: Let (s)necn be a sequence of simple functions
such that ||s, — h|| — 0 for any h > 0. Then, 3, (w) = max{sp(w), 0} defines a sequence of
non-negative functions such that ||§,, — k|| — 0 and p[h] = lim, p[$,] > 0.
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such that

p® =0 (2.12)

—00 < p(A) < oo VAe A (2.13)
and (A”)neN CA A,NA,=0 (n#m) implies

o (U A) = > uan) .14

neN

According to (Dunford and Schwartz, 1958, p. 240), the set of all bounded,
signed measures is denoted by ca(2,.4). Property (2.14) is called o-additivity.
This property is the only difference to the definition of bounded charges, where
o-additivity is relaxed to finite additivity (2.3). Since

ca(2, 4) C ba(Q,A),

ca(f2, A) inherits the definition of the integral u[f] = [ f dpu, the norm || - || and
the ordering < from ba(,.A).

Theorem 2.9 ca(Q),.A) is a band in the L-space ba(Q2, A). Hence, ca(2,.A) is
itself an L-space.
(Cf. (Bhaskara Rao and Bhaskara Rao, 1983, Theorem 2.4.2).)

Definition 2.10 A probability measure on (2, A) is a bounded, signed measure
P € ba(, A) such that

PQ) =1 (2.15)
and
0 < P(A) VAe A (2.16)

The probability measures are precisely the normed (||u|| = 1), positive elements
of the L-space ca(£2,.A) . Therefore, the set of all probability measures is denoted
by ca® (2, A).

Furthermore, the probability measures are precisely the precise coherent previ-
sions P : L (9, A) — R which are o-smooth:

fa@) N flw) Yoe@ = lim P[f] = P[f]
Theorem 2.11
a) ca(Q, A) is Loo(Q, A) - dense in ba(Q, A) .
b) bat (2, A) is the Loo(Q, A) - closure of cat (Q, A) in ba(Q,.A).

Proof: Let ¢f denote the L(€2,.A) - closure in ba(f2, A). Then, convexity of
ca(f, A) and ca® (£, A) imply that

cl(ca(Q2, A)) and  cl(cal (2, A))

are the £, (€2, A) - closed convex hulls respectively (cf. (Dunford and Schwartz,
1958, Theorem V.2.1)).
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a) Note, that sup,cca(q,a) plf] = oo for every f € L(R2,A). Hence, a)
follows from Theorem 21.4 where V = ca(2, A) and M = ba(Q2,A).

b) Put P[f] := SUP pecat (,4) P[f] = sup,cq f(w) for every f € Loo(2,A).
Then, it is easy to see that

{neba(@,A) | ulf] <P[f] VfeLo(A)} = bal(2,A)

and b) follows from Theorem 21.4 where V = ca® (Q, A) and M = ba(2, A) O

2.3 o-additivity

Some readers may feel that allowing probabilities not to be o-additive is ille-
gal and that one should only use probability measures and leave out all other
probability charges.

Indeed, the use of probability charges which are not o-additive is justified by
Kolmogorov’s Grundbegriffe der Wahrscheinlichkeitsrechnung (1953), p. 14:

“For infinite fields, on the other hand, the Axiom of Continuity?,
VI, proved to be independent of Axioms I - V. Since the new axiom is
essential for infinite fields of probability only, it is almost impossible
to elucidate its empirical meaning, as has been done, for example, in
the case of Axioms I - V in § 2 of the first chapter. For, in describ-
ing any observable random process we can obtain only finite fields
of probability. Infinite fields of probability occur only as idealized
models of real random processes. We limit ourselves, arbitrarily, to
only those models which satisfy Aziom VI3. This limitation has been
found expedient in researches of the most diverse sort.”*

Consequentially, Le Cam (1986) argues on p. 2:

“However, we need to point out that, when A is not finite, the
traditional description makes use of certain mathematical constructs
which have been introduced for convenience in other contexts. Since
there the matter of mathematical convenience is the relevant one,
one may feel free to vary the constructs as long as their relations to
the real world are not affected.”

The use of o-additive probability charges (i.e. probability measures) is ap-
propriate in many situations. The main disadvantage of dispensing with o-
additivity is the fact that the usual Radon-Nikodym theorem gets lost then
(see (Bhaskara Rao and Bhaskara Rao, 1983, §6.3)) so that we are not able to
work with densities. However, in case of imprecise probabilities, it is neverthe-
less often advantageous to dispense with o-aditivity as will be seen later on, in
particular in Chapter 4 and Part III.

2together with finite additivity, Axiom VI corresponds to o-additivity
3together with finite additivity, Axiom VI corresponds to o-additivity
4The English translation of the quote is taken from (Kolmogorov, 1956, p. 15).



Chapter 3

Coherent upper previsions

This chapter recalls the definitions of coherent upper previsions (and coher-
ent lower previsions) according to P. Walley although the presentation is quite
different to that one in Walley (1991) and some basic results are slightly gener-
alized.

Let Q be a set and A an algebra on Q. Let K be any subset of L (£2,.4).
Definition 3.1 Let P be a map
K — R, [~ P[f]

and put M := {P € bal(Q,A) | P[f]<P[f] VfeK}. P is called coherent
upper prevision on K if

o M # 0

e sup P[f] = P[f]
PeM

M s called the credal set of P (on (2, A)).
If P is a coherent upper prevision on IC,

P: -K =R, [ —P-/f]
is called coherent lower prevision on —KC .

The following proposition shows that this definition does not depend on A and
describes how a coherent upper prevision can be extended to a coherent upper
prevision on any set X' such that  C K’ C L(2). As a consequence, it can
always be assumed that coherent upper previsions are defined on £ (€2,.4) or
even on L ().

Proposition 3.2 Let A’ be another algebra on Q such that A C A’. Let P :
K — R be a coherent upper prevision on K and let M be its credal set on (2, A).
Furthermore, let K' be a set of functions such that K C K' C L(R2). Put

M = {P ebal(QA) | PIf1<P[f]Vf ek}
Then,

13
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o M £ ()

e swp Pf] = Plf] Vfek
PreM’

M’ is called the credal set of P on (9, A"). Furthermore,

Plf]= swp P[f],  feK

defines a coherent upper prevision on K' which is an extension of P. M’ is the
credal set of P on (0, A).

Proof: S : L(,A") — R defined by S(f’) = sup,cq f'(w) is a sublinear
functional. Take any P € M. Then, P[f] < S(f) V[ € Lo(Q,A) and, ac-
cording to (Dunford and Schwartz, 1958, Theorem I1.3.10), P can be extended
to a linear functional P’ on L (9, A’) such that

PIf] < S(f) = sup f'w) V[ €Lx(QA)

weN

[P’ [f'1| < |If'|| implies that P’ is a (norm-)continuous linear functional and,
therefore, P € ba(Q, A’). From

Pf] = =P[-f1 > =S(—=f) >0 Vf >0, feLlo(QA)
and
1 = —sup(—IQ(w)) < —Pl[—IQ} = P/[IQ} < sup Ig(w) = 1
weN weN

it follows that P’ € ba®(Q,.A’).
Hence, M’ # 0 and sup P'[f] = P[f] Vfek.
PreM’
The remaining statements of the proposition follow directly from the defini-
tions. O

Especially, Proposition 3.2 shows that the definitions of coherent upper/lower
previsions are only reformulations of the original definitions (Walley, 1991, §
2.5.1); cf. also (Walley, 1991, § 3.3.3). The extension procedure described in
Proposition 3.2 is called natural extension in (Walley, 1991, § 3).

It does not make any essential difference if coherent upper or coherent lower
previsions are considered. In this book, most of the results are formulated
in terms of coherent upper previsions because the main purpose are decision
theoretic investigations with applications in statistics. Here, the use of loss
functions leads to upper risks which are defined via coherent upper previsions.
If utility functions were considered instead (which is quite unusual in statistics),
the results would accordingly have to be formulated in terms of coherent lower
previsions.

The following well-known theorem (cf. (Walley, 1991, Theorem 2.5.5)) provides
a characterization of coherent upper previsions.

Theorem 3.3 P is a coherent upper prevision on Loo(S2,A) if and only if
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o Pf] < supf(w) VfeELo(QA
weN
e Plaf] = aP|f] VieLo(A), Yae (0,00) and
< PlAl+Plfal Y, fo € Loo(Q,A)
Proposition 3.4 describes a common way for generating coherent upper previ-
sions:

Proposition 3.4 Let V C bal(Q,A) be any non-empty subset of probability
charges on (0, A). Then,

defines a coherent upper prevision on Lo (2, A) and the conver Lo (£, A) -
closure of V

M = cleo (V)
is the credal set of P on (£, A).

Proof: It follows directly from the definitions that P is a coherent upper pre-
vision. Note that V C baT(Q,.4) and baT(Q,.A) is a L (9,.A) - closed convex
subset of ba(€2,.A) (cf. Theorem 2.7). Therefore,

cleo (V) C batl(Q,A) (3.1)
Let M be the credal set of P. Then, Theorem 21.4 implies
M = {Peba(Q,A) ‘ Plf]<Plf] Vfe L‘OO(Q,A)} A bat(Q,A) =

cleo (V) N baf(Q,A) D creo V)

d

Whereas Theorem 3.3 characterizes coherent upper previsions, the following
corollary characterizes the credal sets. The corollary is a slight generalization of
(Walley, 1991, Theorem 3.6.1), it says that there is a one-to-one correspondence
between coherent upper previsions and L (€2,.4)-compact convex subsets of

ba® (2, A).

Corollary 3.5 A subset M C ba® (9, A) is a credal set of a coherent upper
prevision if and only if it is Lo (82, .A) - compact and convez.

Proof: Let M be L(£, A)-compact and convex. Put V = M and define

a coherent upper prevision P as in Proposition 3.4. Then, Proposition 3.4
implies that M = clco (./\/l) is the credal set of P.

Conversely, let M be the credal set of some coherent upper prevision P. Put

V = M; the coherent upper prevision defined by V = M as in Proposition 3.4

is again P. By assumption, M is the credal set of P so that Proposition 3.4
implies

M = cleco (M)

Hence, M is L(9Q,A)-closed and convex. Since M C bat(Q,.4) and
ba® (9, A) is Lo (2, A) - compact (cf. Theorem 2.7), it follows that M is Lo (€2, .A) -
compact, too. O



Chapter 4

Upper/lower expectations
and F-probabilities

4.1 Definitions and basic properties

Within the concept of coherent upper previsions developed in Walley (1991),
o-additivity is mainly ignored. However, there is also the concept of upper
expectations and F-probabilities developed in Buja (1984) and Weichselberger
(2001) which insists on o-additivity. Essentially, this means that only those
coherent upper previsions P are considered which have a representation by a
set of probability measures:

P[f} = Ssup P[f] VfE£OO(Q,A)
PeP

where P C ca®(Q, A).
Let Q be a set and A a o-algebra on Q. Let K be any subset of L, (£2,.4).

Definition 4.1 Let P be a map
P: K — R, f — PIf]

and put P := {P € cal(Q,A) | P[f] < P[f] VfeK}. P is called upper
expectation on I if

o P £

o sup P[f] = P[f]
Pep

P is called the structure of P.
If P is an upper expectation on IC,

P: -K - R, [~ —P[-f]

is called lower expectation on —KC .

16
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Definition 4.2 Let P be an upper expectation on K. If
Kc{la| Ac A}
P is also called upper F-probability and P is also called lower F-probability .

The definition of upper expectations originates from Buja (1984), the defini-
tion of F-probabilities originates from Weichselberger (2000) and Weichselberger
(2001) though Weichselberger uses the terms “lower/upper interval-limit of the
F-probability” instead of “lower/upper F-Probability”. The term “structure”
also stems from Weichselberger (2000); originally, structures are defined in case
of F-probabilities only. In Definition 4.1, the term “structure” is adopted for
every upper expectation.

The following proposition describes how an upper expectation can be extended
to an upper expectation on Lo(€2,.A). As a consequence, it can always be
assumed that upper expectations are defined on the whole space L, (2,.A).

Proposition 4.3 Let P: K — R be an upper expectation on K C Loo(Q2,A)

and let P be its structure on (2, A). Then, P can be extended to an upper
expectation on L (Q, A) by

P[f] = supP[f], fE‘COO(QaA)
PeP

P is also the structure of the extended upper expectation..
Proof: This is a direct consequence of the definitions. O

Remark 4.4 Proposition 4.3 is considerably weaker than its analog in case
of coherent upper previsions (Proposition 3.2). This is due to insistence on o-
additivity for the elements of the structure: The proof of Proposition 3.2 (in case
of coherent upper previsions) is based on the fact that every probability charge
on A can be extended to a probability charge on any A" D A according to the
Hahn-Banach theorem (e.g. (Dunford and Schwartz, 1958, Theorem I1.3.10)).
Howewver, there is no analog of the Hahn-Banach theorem if we insist on o-
additivity. It is possible that a probability measure on A can not be extended
to a probability measure on some o-algebra A D A. Such problems does not
only arise in artificial cases. For example, let P be the upper prevision whose
structure only consists of the standard normal distribution P := N(0,1). That
is P = P := N(0,1), A = B. Assume that P admits an extension to an
upper expectation on the power 2R set of R. Then, the structure of the extended
upper ezpectation consists of probability measures on 28 which are extensions
of P=N(0,1). Let P’ be such an extension of P = N(0,1), f be the density
of N(0,1) with respect to the Lebesgue measure A and put g := 1/f. Then, X
defined by N'(A) = [,gdP’ YA € 2% is an extension of X to 2%. However,
it is known that the existence of an extension N mneither can be proven nor
disproven. That is, the only way to get an extension of P = N(0,1) on 2% is
to introduce the existence of such an extension as a new axiom in mathematics;
confer (Hoffmann-Jorgensen, 1994b, p. 513).

The following theorem states that every upper expectation is a coherent upper
prevision. Of course, the corresponding credal set does, in general, not coincide
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with the structure but there is a strong relationship between these sets: the
corresponding credal set is the Lo (€2,.A) - closure of the structure.

However, credal set and structure do coincide sometimes — this instance char-
acterizes an important special case (cf. Theorem 4.11).

Proposition 4.5

a) Let P be an upper expectation on K C Loo(2,A). Then, P is also a
coherent upper prevision on K.

b) Let P be an upper expectation on Lo (Q, A) with structure P. Then, P
is also a coherent upper prevision on Lo (2, A) and its credal set M (on
(Q,A)) is equal to the Lo (2, A) - closure of the structure P

M = (77)
FEspecially, P is relatively compact with respect to the Lo (2, .A) - topology
on ba(Q2, A) .
Proof:

a) Let P be the structure of the upper expectation P and put
M = {Pebaf(Q,A) | Pf]<P[f] VfeK}
Then, P C M and, therefore, it follows that M # § and

sup P[f] = P[f] VfeK
PEM

Hence, P is a coherent upper prevision.

b) Convexity of P implies that c¢f(P) is the convex L (€2,.A) - closure of P; cf.
(Dunford and Schwartz, 1958, Theorem V.2.1). Then, statement b) follows
from Proposition 3.4 where V := P.

Furthermore, this implies that P is relatively compact in the L£,,(€,.4)-
topology; cf. Corollary 3.5.

O

Remark 4.6 Assumption K = L(£2,.A) is crucial in Proposition 4.5b). The
mathematical reason is as follows: Let P be an upper expectation on K C
Lo (Q, A). Then, the natural extension (Proposition 3.2) for coherent upper pre-
visions and the extension procedure for upper expectations (according to Propo-
sition 8.2), in general, do not coincide on L (Q,A) because the structure P
and the credal set M wusually do not coincide.

Since the L£,,(9,.4) - topology on ba(f2,.A) is useful in case of coherent upper
previsions, it is suggesting to use the £ (€2, .A) - topology on ca(f,.A) for upper
expectations. This is the weakest topology on ca({2,.4) such that, for every
f € Lo(Q,A),

A (@A) = R, po— Ap(p) = plf]

is continuous. Note, that this topology coincides with the subspace topology on
ca(, A) generated by the L (2, .A) - topology on ba(Q2, A); cf. Lemma 21.3.

Proposition 4.7 describes a common way for generating upper expectations — it
is the analog of Proposition 3.4.
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Proposition 4.7 LetV C Caﬁl' (2, A) be any subset of probability measures on
(Q,A). Then,
P[f] = SupP[f], fe'coo(Q’A>
pPey
defines an upper expectation on Lo (2, A). The structure P of P is given by
the convex closure of V in ca(£2,.A)

P = cleco (V)

where the term “closure” refers to the L (82, A) - topology on ca(Q2, A) .
V is called prestructure of the upper expectation P.

Proof: It is a direct consequence of the definitions that P is an upper expec-
tation on L (£2,.4).
All topological terms within this proof refer to the L. (f2,.4)-topology on

ca(f2, A). Tt is an easy consequence of Theorem 21.2b) that ca® (€, A) is closed
in ca(f2,.A). Therefore, convexity of ca® (£, .A) implies

cleo (V) C cat(,A) (4.1)
Let P be the credal set of P. Then, Theorem 21.4 implies
P = {Peca(Q,A)‘ P[f] < P[f] erﬁoo(Q,A)} N cat(Q,4) =

= cleo (V) N caf(Q,A) D Lo V)

O

The term “prestructure” was originally defined in (Weichselberger, 2000, Def-
nition 2.5) in case of F-probabilities. Note that there is an important difference
between the theory of F-probabilities and the theory of upper expectations:

Caution: According to Proposition 4.7, a set V C ca®(Q, A) generates an
upper expectation on Loo(2,A). Analogously, V may also generate an upper
expectation P on some

K C Lo(Q,A)
by

Pi[fl = suwp P[f],  feK
Pev

Of course, we have

Pglf] = Plf] VfeK
However, if we extend Px on Lo (2, A) according to Proposition 4.3 (the ex-
tension is again denoted by Py ), we usually have

Pxlf] # PIfl  for f&K

because the structures of P and Px usually do not coincide.

FEspecially, this applies to F-probabilities, where K = {I4| A € A}. As a conse-
quence, the structure of the F-probability Px generated by V does not coincide
with the structure of the upper expectation P generated by V on Loo(Q, A) in
general!

The following corollary characterizes structures of upper expectations and estab-
lishes a one-to-one correspondence between upper expectations and L (£2,.4) -
closed convex subsets of ca(f2,.A).
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Corollary 4.8 A subset P C Ca*l' (Q,A) is a structure of an upper expectation
if and only if it is Loo(2, A) - closed in ca(2, A) and convexr.

Proof: All topological terms within this proof refer to the £ (£, A) - topology
on ca($, A).
Let P be closed and convex. Put V = P and define an upper expectation P
as in Proposition 4.7. Then, Proposition 4.7 implies that P = cfco (P) is the
structure of P.

Conversely, let P be the structure of some upper expectation P. Put V=";
the upper expectation defined by V = P as in Proposition 4.7 is again P. By
assumption, P is the structure of P so that Proposition 4.7 implies

P = cleco (P)

Hence, P is closed and convex. O

Corollary 4.8 is weaker than its analog in case of coherent upper previsions
(Corollary 3.5): While credal sets are always compact (with respect to the
considered topology), structures are not necessarily compact (with respect to the
considered topology). However, compactness is an important property because
it enables us to use minimax theorems throughout this book. Indeed some of
the most important results in this book are based on minimax theorems.
Therefore, the next section is concerned with the investigation of necessary and
sufficient conditions for compactness of structures.

4.2 Continuous upper expectations

Let © be a set and A a o-algebra on €. In order to investigate necessary and
sufficient conditions for compactness of structures, we have to introduce some
terminology:

Definition 4.9 An upper expectation on L (2, A) is called continuous if for
every sequence (fn)nen C Loo(Q,A) and f € Loo(,A)

folw) \ flw) YweQ = lim P[f,] = P[f]

n—oo

In case of F-probabilities, this definition originates from (Weichselberger, 2000,
Definition 2.6).

Definition 4.10 A set V C cat(Q,.A) of probability measures is called uni-
formly dominated by u € ca(2, A), u >0, if

Ve>0 30 >0, such that, for every Ac A and P € V:
wA)y<d = P(A)<e

Proposition 4.5 claims a strong connection between upper expectations and
coherent upper previsions on L(€2,.A). It says that every upper expectation
is also a coherent upper prevision. So, an upper expectation P corresponds to
a structure P C ca®(,.A) and to a credal set M C ba®(Q, A). According to
Proposition 4.5, M is the L£,,(€,.A) - closure of P in ba(Q, A).

The following theorem says that compactness of P (with respect to the £, (£, .A) -
topology on ca({2, A)) can be characterized by the relationship between the
structure and the credal set of P:
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Theorem 4.11 Let P be an upper _expectation on Loo(2,A). Let P be the
structure and M be the credal set of P. Then:

P is compact (with respect to the Lo (2, A) - topology on ca(Q, A)) if and only
if

P =M (4.2)

Proof: According to Lemma 21.3, the £,,(€,.4)-topology on ca(f2,.A) coin-
cides with the subspace topology on ca(f2,.A) generated by the L£,,(£,.4)-
topology on ba(Q2, A). Hence, P C ca(,A) is L (£,.A) - compact in ca(€2, A)
if and only if it is Lo(€2,.A) - compact in ba(f2,.4). According to Proposition
4.5, P is Lo(2, A) - compact in ba(§2, A) if and only if (4.2); cf. also Corollary
3.5 O

If we explicitly insist on o-additivity (as in the concept of upper expectations)
and consider upper expectations as an independent concept, the L., (€, .A)-
topology is not a very interesting topology for theoretical investigations. This
is a consequence of Theorem 4.11 because it says: A structure is compact only
in these cases where there is absolutely no difference between the two concepts
“upper expectations” and “coherent upper previsions”.

However, cases where structures are compact (with respect to this topology) are
very important for applications; cf. Augustin (1998). Of course, Theorem 4.11
does not provide us with a practical criterion in order to check compactness
for real applications. In case of F-probabilities, such (necessary and sufficient)
criteria are given by (Augustin, 1998, Proposition 2.11). The following theorem
is a slight generalization of (Augustin, 1998, Proposition 2.11) — it is not only
formulated for F-probabilities but also for general upper expectations; the proof
is similar.

Theorem 4.12 Let P be the structure of an upper expectation P on Lo (€2, A).
Then the following conditions are all equivalent:

a) P is continuous.

b) P is uniformly dominated.

c) P is compact with respect to the Lo (2, A) - topology on ca(f, A)

Proof: Let M be the credal set of P; cf. Proposition 4.7.

[a)=-c)] Take any P € M. Then, for every sequence (A,)nen C A such that
(An)nen \ 0, continuity of P implies

0< lim P(A,) < lim P[I4,] =0

n—oo n—oo

Hence, P € ca(A)NM = P. That is, M = P and c) follows from
Theorem 4.11.

[c)=Db)] Confer (Baumann, 1968, Korollar 2.5).

[b)=a)] is a direct consequence of the definitions.
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While the L£(,.A)-topology is quite common on ba(f2,.4), it is not very
usual on ca(f2,.4) and on the set of all probability measures ca® (€2, .4). This is
underlined by Theorem 4.11 in the context of upper previsions because it says
that the L (£,.4)-topology is most appropriate on ca(f2,.A) in these cases
where it does not matter if we consider ca(§2,.A) or ba(2, A).

The most common weak topologies on ca((2,.4) are I'-topologies (cf. Section 21)
where IT" is a certain class of continuous functions on 2 and Q = = is a Polish
space or a compact Hausdorff space. These topologies are studied in connection
with upper expectations in the following two sections.

4.3 Upper expectations on Polish spaces

Let = be a Polish space. That is, = is a topological space and there is a metric
d on = such that

e d generates the topology on =
e = is complete and separable with respect to d

Let B be the Borel-o-algebra on =. That is, 8 is the smallest o-algebra which
contains all open sets V C =.
Let C,(Z) be the set of all bounded, continuous functions

f:r2-—=R

Especially, Cp(Z) is a norm-closed vector subspace of L (Z,B).
Hence, every bounded, signed measure p € ca(E, B) uniquely defines a (norm-
)continuous linear functional

p: C(E) = R, f— /fdu:u[f]

Note! that two different bounded signed measures do not define the same func-
tional on Cy(E):

pi, po € ca(E,B), wmlf] = plfl VSEGE) = wm=p (4.3)

As a consequence, ca(Z,B) can be identified with a linear subspace in the dual
space of Cy(2).

Analogously to Chapter 3, ca(Z,%) can be endowed with the C,(Z) - topology;
cf. Section 21. This is the smallest topology on ca(E, B) such that

ca(Z,B) — R, p — plf]

is continuous for every f € C,(E).

't follows from p1[f] = pa[f] Vf € Cuo(E) that uf [f]+ py [f] = 3 [fl+uilf] VFe
Cp(E) . Hence, uf +uy = u; + ] according to (Bauer, 2001, Lemma 30.14) and, therefore,
Bl = p2 -



CHAPTER 4. UPPER/LOWER EXPECTATIONS AND F-PROBABILITIES23

However, it is more common to use the “Cy,(Z)-topology on catl(Z,%)” 2 in
classical probability theory. This is the smallest topology on the set of all
probability measures ca® (Z,B) such that

cal(Z.B) — R,  p s plf]

is continuous for every f € Cy(Z). This topology is called weak topology of
probability measures. A standard reference for this topology is Billingsley (1968).
The use of the weak topology of probability measures is very pleasant because
it is metrizable so that it suffices to consider sequences instead of nets.
Furthermore, there is a simple characterization of relatively compact sets:

Theorem 4.13 (Prohorov) A subset of ca®(=Z,B) is relatively compact in the
weak topology of probability measures if and only if it is tight.
Confer (Billingsley, 1968, Theorem 6.1).

Finally, there is, of course, also a strong connection between this topology and
the C,(Z) - topology on ca(Z,9B). The following lemma implies that a subset of
cat(E,8) is closed in the weak topology of probability measures if and only if
it is closed in the Cy,(E) - topology on ca(Z,®B). This is needed in the proof of

Proposition 4.17 which characterizes weakly closed subsets of ca(E,‘B) .
Lemma 4.14 ca¥(Z,B) is C,(Z) - closed in ca(Z,B).

Proof: Let (Ps)sep be a net in ca}(Z,%B) such that

Ps A, u € ca(Z,B) in the C,(E) - topology

Hence, (=) = 1 and p[f] > 0 Vf € Cy(Z). That is, u € ca®(Z,B). O

In the following, the weak topology of probability measures is simply called
weak topology and topological notions such as “weakly closed” and “converges
weakly” are with respect to this topology.

Upper expectations where originally defined in Buja (1984). There, they are
only considered on Polish spaces where the weak topology is used. This setup
seems to be promising because of the following statement which is implicitly
contained in (Buja, 1984, Proposition 2.1 and 2.2):

“Every tight structure is weakly compact.”

However, this is, in general, not correct! For a counterexample, confer Section
10.2.

In the following, two theorems are given which provides necessary and sufficient
conditions for relative weak compactness and weak compactness respectively. It
is surprising that one of these conditions — namely condition a) in both theorems
— is very similar to continuity which is a necessary and sufficient condition for
Lo (Z,B) - compactness in ca(Z, B); cf. Theorem 4.12.

Theorem 4.15 Let P be the structure of an upper expectation P. Then, the
following conditions are all equivalent:

2This topology is not defined in Section 21 because CEJLJ{(E7 9B) is not a linear space.
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a) If (fn)nen C Cuh(E) is a sequence such that f,(xz) \, f(z) Yz € = for
some f € Cp(Z), then P[f.] \ P|f].

b) P is tight.
c) P is relatively weakly compact in ca® (Z,B).

Proof:

[a) = b)] Let d be a metric on = so that d induces the topology of E and (E, d)
becomes a complete separable metric space. Let (a,)nen be a dense subset
of =. For every r > 0 define

d(z, a
N EDR, e JBGAT
r
ry = I{nn v neN
B, (a;) ={z € 2| d(z,a;) <1}
and B, (a;) = 2\ B,(a;) . Then:
Since v/ > IE“(ai) VieN,
rr = . 1{1’1117”% > r{un 152 = Inm B (a)

2] Ve >0, VEEN 3n,eN: 0< P[] <e-27F:

. . - 1 k
Since (an)nen is d-dense in =, /

follows from a), that

\, 0 pointwise for n — oco. Then it

lim P[1}/*] \. P[0] =0

because (F}/k)neN C C'(Z,B).

3] K. = " Bi,i(a;) is obviously totally bounded. Furthermore,
keN Ui=1 1/
K. is closed and complete. Hence, K. is compact (cf. (Dunford and
Schwartz, 1958, Theorem 1.6.15) ) and we have

P(E\K.) = P(U ﬁﬁf/k(ai)) < Z?(ﬁﬁf/k(ai)) <
k =1

keNi=1

P 2 L
S PIYF <Y ek =
k k

[b) = a)] Let (fn)nen C Cu(E) be a sequence such that f,,(x) \, f(z) Vz € E
for some f € Cy(Z). For each [ € N, we may choose a compact K; C E, so
that

PG\KQ<% (4.4)



CHAPTER 4. UPPER/LOWER EXPECTATIONS AND F-PROBABILITIES25

because P is assumed to be tight. According to Dini’s Theorem (Dudley,
1989, Theorem 2.4.10) (fn)nen converges uniformly on every compact set
K. Hence, for every [ € N,

lim sup ‘P[fn] — P[f]’ < limsup sup P[f, — f] <
n n PepP

< hmsu (bup fn fdP+ sup/ fn—fdP> <
PepP PeP JE\K,

< hmsup( sup ( s + (Malloe + 1) PE\ K1) <
1

< 2filleo

[c) & b)] This is the content of Theorem 4.13.
O

Theorem 4.15 cannot be proven by a simple application of (Féllmer and Schied,
2002, Theorem 3.8) since (Follmer and Schied, 2002, Theorem 3.8) is wrong (cf.
(Follmer and Schied, 2004, Remark 4.29)). Nevertheless, the proof of Theo-
rem 4.15 is only a variant of the proof of (Follmer and Schied, 2002, Theorem
3.8). Theorem 4.15 essentially coincides also with (Varadarajan, 1965, Theorem
11.25).

Theorem 4.16 Let P be the structure of an upper expectation P. Then the
following conditions are all equivalent:

a) If (fn)nen C Cu(E) is a sequence such that f,(x) \, f(x) Va € E for
some f € Loo(Z,B), then P[f,] \, P[f].

b) P is tight and weakly closed in cat(Z,B).

c) P is weakly compact in ca®(Z,B).
Proof:
[2)=b)]

[1] Tightness of P follows from Theorem 4.15.

[2] P is weakly closed in ca®(Z,B):
Let (Pg)ren C P be any sequence which converges weakly to some P €
ca’(Z,B). Since the weak topology on ca®(Z,%) is metrizable, it suffices
to show that P € P.
To this end, let f be any upper semi-continuous function in L (Z,B).
Then, there is a sequence (fy,)nen C Cu(E) such that f,,(x) \, f(z) Vz € E
(cf. (Denkowski et al., 2003, Proposition 1.4.54)). For every g € Ch(E),
Plg] = limy Pylg] < Plg]. Hence, the dominated convergence theorem
implies

]
N

P[f] = li}lnp[fn] < hrrlﬂﬁ[fn] = ﬁ[f]

That is, P[f] < P|f] for every upper semi-continuous function in £ (Z,B) .
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Now, let f be any function in L (Z,9%). According to Lemma 22.1, there
is a sequence (fn)nen of upper semi-continuous function f,, € L (=Z,B)

such that
fi<fo<fs<...<f  and  P[fn] /P[] (4.5)
Hence,
(4.5) .. — (4.5) _
P[f] "=" lim P[f,] < Pfs] < P[f]

[b)=-c)] follows from Theorem 4.13.

[c)=-a)] Let (fn)nen C Cb(E) be a sequence such that f,,(z) N\, f(z) Yz € E
for some f € L(Z,9B). Then:

[1] lim,, P[f,] exists because P[f1] > P[f2] > --- > P[f] > —o0
[2] For every n € N, there is some P, € P so that P,[f,] = P[fn]:
The weakly continuous functions

attain their maxima P|[f,,] in some P, € P because P is weakly compact

(cf. (Denkowski et al., 2003, Theorem 1.3.11)).

[3] There is a subsequence (P, );en which converges weakly to some Py € P
because P is also sequentially weakly compact (Metrizability!).

[4] Timy Py, [fn,] < Polf]:

The limit lim; Py, [f,,] exists according to the definition of (P,)nen and
part [1] of the present proof. The sequence (fy)nen is decreasing. Hence

for every k € N, lim; P, [fp,] < limy Py, [f] 15 Py[fx] and the dominated
convergence theorem implies

lim P, [f] < lim Po[fy] = Polf]
. — L= 2 .. 4] (B8] —
[5] Finally, P[f] < limy, P[f,] = limy P[fn,] = liny Py, [fn,] < Po[f] < P[f]
O
Assumption a) of Theorem 4.15 and assumption a) of Theorem 4.16 seem to be

nearly the same. But the difference matters as can be seen from Theorem 4.15,
Theorem 4.16 and Section 10.2.

In addition, the next proposition characterizes weak closedness of structures.

Proposition 4.17 The structure P of an upper expectation P is weakly closed
if and only if it has the following representation:

P = {Pecal(Z®)| PlfI<Plf] VfeCu(®)} (4.6)

Proof: PutV =P, T = C,(E) and M = ca(Z,B). Since P is convex, it follows
from Theorem 21.4 that the structure P is Cy(Z) - closed in ca(E, 9B) if and only
if it has the representation (4.6).
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Hence, it only remains to show that P C ca® (Z,DB) is C,(Z) - closed in ca(Z, B)
if and only if it is weakly closed in cat(Z,9).
Let P be C,(E)-closed in ca(E,B) and (Pg)ges C P be a net such that

Ps & P e cat(Z, %) weakly
That is, Pg[f] — P[f] for every f € C,(2) and, therefore, Pz — P in the
Cp(2) - topology. Finally, it follows from Cy,(Z) - closedness of P that P € P.
Conversely, let P be weakly closed in ca®(Z,%) and (Ps)sep C P be a net
such that

Pg LR u € ca(Z,B) in the Cy(E) - topology

According to Lemma 4.14, p € ca®(Z,%). Therefore, convergence in the
Cu(E) - topology implies weak convergence. Finally, it follows from weak closed-
ness of P that p e P. O

Proposition 4.17 seems to indicate that this setup (weak topology and Polish
spaces) is not appropriate because it says that an upper expectation P whose
structure is C,(E) - closed (or compact) is at least implicitly defined by its values
on K = C,(E). However, one of the most important special cases of upper
expectations are F-probabilities which are defined by their values on some K C
{I B | B € %} and, at least in case of = = R, indicator functions are rarely
continuous.

The following section investigates upper expectations on compact Hausdorff
spaces — a setup which seems to be similar to the Polish setup. However, compact
Hausdorff spaces prove to be much more important (at least from a theoretical
point of view) as will be seen in Section 5.

4.4 Upper expectations on compact Hausdorff
spaces

In this section, we turn over to compact Hausdorff spaces. While upper expecta-
tions on Polish spaces were considered in Buja (1984), upper expectations have
not been studied explicitly on compact Hausdorff spaces before. In Section 5,
this setup turns out to be important and — in a sense — as general as coherent
upper previsions on arbitrary spaces.

Let = be a compact Hausdorff space — i.e. = is a topological Hausdorff space
which is compact. Let C(E) be the set of all continuous functions

f:r 2 =R

and let B be the Baire-o-algebra on =. This is the smallest o-algebra on = such
that every continuous function f € C(E) is measurable. Obviously, the Baire-
o-algebra is contained in the Borel-o-algebra: %8y C B . In any metric space,
the two o-algebras coincide By = B (for the metric topology); cf. (Dudley,
1989, Theorem 7.1.1).

Compactness of = implies that every continuous function f € C(Z) is bounded.
So, C(Z) = Cp(E) and C(E) is a norm-closed vector subspace of L (Z,Bo) .
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Every bounded, signed measure u € ca(=Z, B) uniquely defines a (norm-)continuous
linear functional

T,: CE) — R, [ /fdu _—

The converse statement is also true; cf. (Dudley, 1989, Theorem 7.4.1):

Theorem 4.18 For every u € ca(=Z,By),
T,: ) ~ R, f [f

is a continuous linear functionals on C(E).
Conversely, for every continuous linear functional

T: C(E) - R, f— T

on C(E), there is a unique p € ca(), A) such that

T(f) = /fdu f e L@ A)

Remark 4.19 1 — T, is a vector space isomorphism between ca(Z,Bg) and
the dual space of C(Z) denoted by C(E)* . Furthermore, p — 1T, is isometric:
|T.ull« = |lp|| where || - |« denotes the dual norm ||T|. = sup {T(f)‘ 7 <

It can also easily be read off from the proof of Theorem 4.18 in (Dudley, 1989,
Theorem 7.4.1) that this isomorphism respects order:

uw >0 & T.(f) >0 Vf>0, feC(E) (4.7)
Summing up, p — T, is an L-space isomorphism between ca(=, Bo) and C(E)* .

Since ca(Z,Bg) can be identified with the dual space of C(Z), ca(Z,By) is
usually provided with the I'-topology (cf. Section 21) where I' = C(Z). 3 This
is the weakest topology on ca(Z,Bg) such that, for every f € C(Z),

Ap i ca(E,Bo) — R,  u— Ar(p) = plf]

is continuous.

The following theorem provides necessary and sufficient conditions for C(Z)-
compactness of structures.

Theorem 4.20 Let P be the structure of an upper expectation P on (Z,B).
Then, the following statements are all equivalent:

a) P is C(E) - compact.
b) P is C(E) - closed.

3In the more general case where = is a locally compact Hausdorff space, the usual weak
topology would be given by I' = Co(Z), the set of all continuous functions f € C(E) with
compact support. However, C(Z) = Co(E) in case of a compact Hausdorff space E.
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c) P can be written as

P = {Pecal(E,Bo)| PIf]<Plf] VfeCE)} (4.8)
Proof:
(b) < (c): Since P is convex, this follows from Theorem 21.4 where V = P,
I'=C(E) and M = ca(E,By) .
a) = (b): Z is assumed to be a Hausdorff space.

a) < (b): According to Theorem 4.18 and Remark 4.19, ca(E,By) can be
identified with the dual space of C(Z). Hence, the closed unit sphere {u €
ca(Z,Bo) | ||n]] <1} is C(E) - compact in ca(=, By) according to (Dunford and
Schwartz, 1958, Theorem V.4.2). Since P is a C(E) - closed subset of this C(Z) -
compact set, P is C(Z) - compact, too. O

Analogously to Polish spaces, one could argue that Theorem 4.20 indicates that
this setup (C(Z)-topology and compact spaces) is not appropriate because it
says that an upper expectation P whose structure is C(Z) - compact is at least
implicitly defined by its values on K = C(Z). This is true from a practically
orientated point of view — however, it is not true from a theoretical point of
view as can be seen in Chapter 5.

4.5 F-probabilities

As stated before, F-probabilities are the most important and also most inves-
tigated special case of upper expectations. In Section 4.1, F-probabilities have
already been defined as special cases of upper expectations. Since the definition
of F-probabilities is usually not given in terms of upper expectations and there
is a different notation for F-probabilities, the usual definitions and notations of
F-Probabilities are given in the present section so that the connection to upper
expectations gets more visible.

The following definitions originate from Weichselberger (2000). Confer also
Weichselberger (2001).

Definition 4.21 Let (2, A) be a measurable space.

a) A function p on A satisfying the azioms of Kolmogorov is called classi-
cal probability. That is, the set of all classical probabilities on (Q,A) is
cat (9, A).

b) A function P of the form
P:A-{[L,U| 0<L<U<1}, A— P(A)=[L(A),U(A)]
is called R-probability with structure M if the set
M i={pecat(@,4) | L(A) <p(4) < U(4) YA e A}

is not empty. L is called lower probability and U is called upper proba-
bility.
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c) An R-probability
P A={LU| 0<L<U<1}, A P(A) = [L(A),U(A)]
is called F-probability if

infpem p(A) = L(A)

sup,,eMmA)—U(A)} vaed

For every F-probability, L and U are conjugate. i.e.
L(A)=1-U(4° VAe A

Therefore, every F-probability is uniquely determined by L : A — [0,1]. (22, A, L)
is called F-probability field.

The following definition extends the concept of expectations in case of classical
probability to interval probability:

Definition 4.22 For every F-probability field (Q, A, L) with structure M, a
random variable X : (Q, A) — (R, B) is called M-integrable if X is p-integrable
for each element p of M. Then

EmX = [LEpmX, UEpX] = pien/aIEpX, su/a]E,,X C [~o0, ]
pe

is called the (interval-valued) expectation of X (with respect to (2, A, L)).

Let (Q2, A, L) be an F-probability field with structure M. Put

Pl == UA) VAecA

Obviously,
P: {Ia| Ac A} - R, [ P[4

is an upper expectation with structure M. Furthermore, P is indeed an F-
probability according to Definition 4.2 where

Definition 4.2 also admits
K c{l.| Ac A} (4.10)

instead of (4.9). In this case, F-probabilities are called partially determinate
F-probabilities in Weichselberger (2000) and Weichselberger (2001).

According to Proposition 4.3, an F-probability P can be extended to an upper
expectation on L (2,.A). This extension is equal to

P[f] = UEmf V[ €Lx(2A)

(Of course, every f € Loo(€,.A) is M-integrable.)

Caution 1: Here, the structure is denoted by M in order to be in line with the
notation used in Weichselberger (2001). In general, this M is not the credal
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set of P according to Proposition 4.5. In the previous sections, structures are
denoted by P because M already denotes credal sets in the theory of imprecise
probabilities according to Walley (1991) (which is mainly used in the present
book).

Caution 2: As stated before, the extension of an (partially determined) F-
probability to an upper expectation on Lo (2, A) is equal to

Plf] = UBmf VYf€E Lol A

so that we are in accordance with Weichselberger (2000) and Weichselberger
(2001). However, one has to be careful when a structure is generated from a
prestructure. Then, it makes a difference if the structure of an F-probability or
the structure of an upper expectation on L (Q, A) is generated. Confer page
19.

It is a basic property of classical probability measures that they are uniquely
determined by their values on a N-stable generator of the o-algebra A. This is
not true for F-probabilities. However, there is at least a related result on Polish
spaces (Z,B):

Proposition 4.23 Let = be a Polish space with Borel-o-algebra B and let U
be the upper probability in an F-probability field (2,98, L) with structure M .
Then

U(B) =sup{U(K) | K C B, K compact} vVBeB

and
PeM <& PK)<U(K) for every compact K € B

for every P € ca® (Z,B). Especially, an F-probability is uniquely determined by
the values of U on the compact subsets of =.

Proof: For B € B, there is a sequence (P,,)neny C M such that P, (B) / U(B).
Since Z is Polish, every probability measure on (Z, 3) is regular. Hence,

vYneN 3K, C B, K, compact : 0< P,(B) — P,(K,) < %
and
UB) > sup{U(K) | K C B, Kcompact} >
> limsupsup {P,(K) | K C B, K compact} >
> limsup P,(K,) = limsup (Pn(B) — (P,(B) — Pn(Kn))) >
> liminf P,(B) — limsup (Po(B) — Pa(K.)) = U(B)

n

Let P be a probability measure on (Z,8) where P(K) < U(K) for every
compact K € B. So, P is regular and for every B € B,

P(B) = sup{P(K)| K C B, K compact} <
sup {U(K) | K C B, K compact} = U(B)

IN



Chapter 5

Representation of coherent
upper previsions

5.1 Introduction

According to the previous chapters, there are several ways to define imprecise
probabilities. The main difference results from different answers to the question
whether to insist on o-additivity or not. Both the concept of coherent upper
previsions and the concept of upper expectations can be based on sets of precise
probabilities

{P| PlfI<Plf] VI} (5.1)

such that P[f] is the supremum of P[f] over this set for every f. If precise
probability assignments are modeled by o-additive probability measures P, we
naturally end up with the concept of upper expectations. If precise probability
assignments may be modeled by any probability charge P, we naturally end up
with the concept of coherent upper previsions.

Therefore, the question whether to use coherent upper previsions or upper ex-
pectations corresponds to the question whether precise probability assignments
may be modeled by probability charges which are not o-additive. In case of
precise probabilities, it is well known that the answer to this question is hardly
connected with the real world. In the spirit of the work of L. Le Cam (cf. e.g.
(Le Cam, 1986, Chapter 1)), this is because probability charges and probability
measures are no observable objects but they are only mathematical constructs
which are intended to represent probability assignments from the real world. In
order to do such a representation in a mathematical rigorous way, an “appropri-
ate” sample space (£2,.4) has to be chosen. However, the Stone representation
theorem (Dunford and Schwartz, 1958, § 1.12) implies that it only depends on the
choice of the sample space whether a precise probability assignment leads to a o-
additive probability measure or not: Even if the precise probability assignment
leads to a probability charge which is not o-additive, there is always another
appropriate choice of the sample space which would have led to a o-additive
probability measure. That is, whether we are faced with o-additive probability
measures or not depends on the arbitrary choice of the sample space. For a

32
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more detailed explanation of these considerations in the spirit of L. Le Cam,
confer Chapter 9.

In short, the present chapter shows that the same reasoning also applies for
imprecise probabilities. That is, whether an imprecise probability assignment
leads to an upper expectation (which is based on c-additivity) or not, only
depends on the arbitrary choice of the sample space. As in case of precise
probabilities, this is also a consequence of the Stone representation theorem.
In order to see this, Section 5.2 recalls the Stone representation theorem and
presents some preparations based on this fundamental theorem. Next, it is
shown in Section 5.3: Even if an imprecise probability assignment does not lead
to an upper expectation but to a coherent upper prevision, there is always an-
other appropriate choice of the sample space such that the imprecise probability
assignment leads to an upper expectation. In this way, every coherent upper
prevision can be represented by an upper expectation. Since this can be done
in a canonical way, we are able to define a ”canonical Stone representation” for
every coherent upper prevision.

This is not only interesting from a theoretical point of view but also serves
as an important tool in Section 8.3 where standard models are defined by use
of o-additivity. This can be done for every coherent upper prevision via the
canonical Stone representation. The results of the present chapter implies that
an analogous proceeding is always possible if o-additivity is needed in the defi-
nition of concepts which originally rely on o-additivity. For example, this is also
possible in order to define conditional coherent upper previsions and this offers
an expedient alternative to the definitions based on conglomerability given by
Walley (1991).

5.2 Stone representation

Let © be a set with algebra A. The following famous theorem connects the gen-
eral setup (Q2,.4) with the setup in Section 4.4 where = is a compact Hausdorff
space and B, the Baire-o-algebra on =.

A topological space Z is called totally disconnected if its topology has a base
which consists of clopen sets. A set is called clopen if it is closed and open.' It
follows from the definitions that the clopen sets C' C = form an algebra € on =.

Theorem 5.1 (Stone representation theorem) There is a totally discon-
nected compact Hausdorff space = such that A is isomorphic to the algebra € of
all clopen sets C C =. That is: There is a bijective map ® : A — € such that

(A1 NAy) = P(A))ND(Ay), D(A;UAs) = O(A))UD(A,),
B(A°) = (B(4))"
for every Ay, As, A € A.

For the proof of this theorem, confer e.g. (Dunford and Schwartz, 1958, § 1.12).
Note that the properties of the isomorphism ® : A — € imply

M) =0, D) =0, dQ =2, Y =0 (5.2)

1For example, the clopen sets in R are § and R.
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where 71 : ¢ — A denotes the inverse of ®.

® induces a map £ : L(2,4) = L(E, ) in the following way:
E(Ia) = Ipa) for every A € A (5.3)

f(z ajIAJ.> = Z ajlp(a,) for every simple function on (Q2,.4) (5.4)
j=1 j=1

and

E(f) = lim &(sp) for every f € Loo(9,.A) (5.5)

n—oo

where each s, is a simple function and ||s, — f|| — 0.
Proposition 5.2 Equations (5.3), (5.4) and (5.5) define a map

£ Lo(@A) = Lo(5,€), g = £(9) (5.6)
which is an M-space isomorphism.

Proof: According to Lemma 22.2, where ¥ = ®, (Y, B) = (2, A4) and (Z£,D) =
(2, €), equations (5.3), (5.4) and (5.5) define a map

£ Lo(Q,A) — L(E,Q), g — &(9)

which is linear, positive and normalized — especially, £ is norm-continuous.
Another application of Lemma 22.2, where ¥ = &~ (Y, B) = (Z,¢) and
(Z2,D) = (2,A), leads to a map

1 Lo(E,8) = Lo(Q,A4), h — ¢(h)

which is linear, positive and normalized (and, therefore, norm-continuous).
Obviously

pol(s)=s and  Lop(t)=t
for every simple function s on (2,.4) and every simple function ¢ on (E, €).
Hence, norm-continuity of ¢ and ¢ implies that

pol(f)=f —and  fop(h)=h

for every f € L(£,A) and every h € L(E,€). That is, ¢ is the inverse of £
— especially, £ is bijective.

Next, for every f € Lo(Q,.A)
f=0 = &) =0

and

§H >0 = f =) =0

Therefore, £ is a vector lattice isomorphism according to Proposition 20.20.
The properties of ® imply

1€(s)II = sup[é(s)(x)| = sups(z)] = s

re= rez
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for every simple function s on (2,.4). Hence, it follows from norm-continuity
that

IENOIT = A V€ Lo, A)

® and & also induce a map
¢ : ba(,A) — ba(g, )

via ¢(p)[h] = p[¢1(h)] where £~ is the inverse function of £. Since ba(2, A)
is the dual space of L£,(€,.4) and ba(Z, €) is the dual space of L (Z,¢&), ¢ is
the adjoint operator of €1, It is easy to see that ¢ is

e linear

e positive: ¢(u) >0 Vu>0

e normalized: ¢(u)[lz] = 1 VYu>0
Such maps are called (generalized) randomizations or transitions and will fre-
quently be used later on; cf. Chapter 8.

¢ has a nice continuity property which will become important in the following
section where coherent upper previsions are represented by upper expectations.

Proposition 5.3 Let
¢ : ba(,A) — ba(E, )

be the adjoint operator of €1 as defined in the previous paragraphs. Endow
ba(Q, A) with the L (2, A) - topology and ba(Z, €) with the Lo (2, €) - topology.
Then, ¢ is continuous with respect to these topologies.

Proof: All topological terms within this proof are with respect to the topologies
mentioned in Proposition 5.3.

Let (i)yep be a net in ba(€2, A) which converges to some p € ba(f2,.A). This
implies that, for every h € L (2, €),

o(u)h] = py[E7H(R)] — pul¢ ()] = o(w)[h]

~

That is, ¢(py) — &(u) according to Theorem 21.2b). O
¥

Canonical Stone representation

This section ends with the description of a concrete space = and a concrete map
® : A — B in the Stone representation theorem (Theorem 5.1). This concrete
description is not really important in this book. However, it is important that
it is possible to uniquely determine a concrete choice of =, ®, £ and ¢. Later
on, we will refer to this specific choice as “canonical Stone space”, “canonical
Stone isomorphism”, “canonical Stone kernel” and “canonical Stone transition”
respectively.
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To this end, let = be the set of all algebra homomorphisms

z: A — {0,Q}
A map z is called algebra homomorphism if, for every A;, As, A € A,
z(A1NAs) = (A1) Nx(As), z(A1UAy) = (A1) Uz(Ag), x2(A°) = (x(A))C

Put
P(A) = {z€Z| z(4) =Q} VAec A

and endow = with the topology generated by the the base
{a(a)] AcA)

Let @ denote the algebra of all clopen sets in =. Then = is a totally disconnected
compact Hausdorff space and ® : A — € is a bijective algebra homomorphism
according to (Dunford and Schwartz, 1958, § 1.12). That is, Z and ® have all of
the properties which are required in the Stone representation theorem (Theorem
5.1).

With this choice, Z is called canonical Stone space of (2, A) and ® is called
canonical Stone isomorphism of (2, .A). According to Proposition 5.2, ® induces
an M-space isomorphism

§: Lo(B,€) = Loo(A),  h — &(h)
and an adjoint operator of £,
¢ : ba(,A) — ba(g, )

The map £ is called canonical Stone kernel of (2, A) and ¢ is called canonical
Stone transition between (Q, A) and (2, ) in this case.

5.3 Coherent upper previsions represented by
upper expectations

This section investigates how an coherent upper prevision on (£2,.4) can be
represented by an upper expectation. Since such a representation is possible for
every coherent upper prevision, upper expectations are as general as coherent
upper previsions from a theoretical point of view. The representation is based
on the Stone representation theorem presented in Section 5.2. In particular,
this means that coherent upper previsions on (€2, .A) are represented by upper
expectations on the canonical Stone space Z which belongs to (€2,.4) . In Section
5.2, we did not consider a g-algebra but an algebra on =. However, for the
definition of upper expectations, we need a g-algebra. Since the canonical Stone
space Z is a compact Hausdorff space, we are in the situation of Subsection 4.4
and the Baire-o-algebra turns out to be an appropriate choice.

Let © be a set and A an algebra on €. Let = be the canonical Stone space of
(©2,A) and B the Baire-o-algebra on = ; let € denote the algebra of all clopen
sets C' C =.



CHAPTER 5. REPRESENTATION OF COHERENT UPPER PREVISIONS37

A clopen set C has the characteristic property that C' and its complement C ©
are open. Therefore, the indicator function I¢ of a clopen set C' is continuous!
So, it follows from the definition of the Baire-o-algebra that

¢ C By

In fact, the properties of = imply that 9B is the smallest o-algebra on = which
contains € and that

CE) = LoE€) (5.7)

where C(E) is the set of all continuous functions f : Z — R; cf. (Bhaskara Rao
and Bhaskara Rao, 1983, p. 17f and Corollary 4.7.6(i)).

The following theorem is only a variant of a family of similar, well known theo-
rems; cf. e.g. (Dunford and Schwartz, 1958, Lemma IV.9.11).

Theorem 5.4 Let Q) be a set and A an algebra on Q). Let = be the canonical
Stone space of (2, A) and B the Baire-o-algebra on =. Then, there is a unique
map

¢do : ba(Q,A) — ca(Z,By)
such that
o()(C) = p(@7(C)) YO ee€, Vueba@A) (5.8)

where ® : A — € is the canonical Stone isomorphism.
Furthermore, ¢g is an L-space isomorphism and

oo(W[EN] = ulf] V€Ll A), Yueba(@A) (5.9)

where & is the canonical Stone kernel.
Proof:
i T, €@ — R f e [fn

is a (norm-)continuous linear functional for every vy € ca(Z,By); cf. The-
orem 4.18. Furthermore,

v ca(E,Bp) — C(E)", vy — Ty,
is an L-space isomorphism between ca(Z, %) and the dual space of C(=)
according to Remark 4.19. Because of

+ (5.7)

ba(Z,€) = (L(E,€)) C(=)*
¢ is an L-space isomorphism between ca(E, By) and ba(=, €) such that
o()[h] = T,[h] = wvolh] VheC(E), Yy €ca(Z,Bo) (5.10)

[2] Let ¢ be the canonical Stone kernel; according to Proposition 5.2, 71 :
Loo(Z,€) — L(,.A) is an M-space isomorphism. Let ¢ = (£71)* be the
adjoint operator of £~!. Then, according to Proposition 20.22,

¢ : ba(Q,A) — ba(E, )

is an L-space isomorphism.
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[3] That is,

ba(Q,A) 25 ba(Z,€) L — ca(E,B)

1

where ¢ and ¢~ " are L-space isomorphisms. Then,

bo = ¢ oo (5.11)

is an L-space isomorphism such that, for every f € L. (Q,4) and p €
ba(Q, A),

(5.10),(5.7)

do(EN] = ¢ (ew) ()

= ple'EN)] = ulf]

That is, ¢o fulfills (5.9). Especially, ¢o fulfills (5.8) — to see this, put
[ = Is-1(c) for C € € and note that Ic = £(f).

[4] Now, let o : ba(Q, A) — ca(E,Bo) be another map which fulfills (5.8).
Take any p € ba(2,.A). Then,

P(W)E(f)] =

2 gomc)  veee

and it follows that o () = ¢o(p) because € is a N-stable generator of By.
O

Especially, Theorem 5.4 says that ba(f2,.4) and ca(E,9B) are L-space isomor-
phic. The uniquely determined map ¢ in Theorem 5.4 is called canonical Stone
transition between (Q, A) and (Z,By).

Now, the main theorem of this chapter can be formulated:

Theorem 5.5 (Canonical Stone representation) Let Q) be a set and A an
algebra on . Let = be the canonical Stone space, & the canonical Stone kernel
and ¢ the canonical Stone transition between (2, A) and (E,By).

Then, for every coherent upper prevision P with credal set M,

Py = ¢o(M)
is the structure of an upper expectation Py on (2,By) such that
Pf] = Pol6(f)]  VfELx(2A) (5.12)
Furthermore, the structure Py is C(Z) - compact and can be written as
Po = {Py€cal(E,By) | Po[h] <Polh] VheC(E)} (5.13)
Py is called canonical Stone representation of P.

Proof:

[1] Put Polho] = sup Polho] for every hg € Loo(Z,B0) .
PoePo

[2] At first, (5.12) is shown: For every f € L.(2, A),

Pole(f)] = sup R[E(N)] = sup ¢o(P)[E(N)] 2 sup P[] = PIf)

PyePo PeM PeM
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[3] Next, (5.13) is shown:
The definition of Py implies “C” in (5.13). For the proof of “27, take
any Py € ca®(Z,%B0) such that

Polh] < Polh]  VheC(E)
and put P := ¢y (Py). Then, for every f € L(Q,.A),

Pl 2 goP)e()] = BE)] < Polewn)] 22 B

for every f € Loo(Q,A). That is, P € M and, therefore, Py = ¢o(P) €
Po .
[4] Especially, (5.13) implies that Py is the structure of an upper expectation.
[5] C(Z)-compactness of Py follows from (5.13) according to Theorem 4.20.
O

That is, for every set {2 and every algebra A on 2, there is a compact Hausdorff
space such that every coherent upper prevision on (£2,.4) can be represented by
an upper expectation on (=, Bg) whose structure is C(E) - compact. Therefore,
the setup in Section 4.4 — namely upper expectations on compact Hausdorff
spaces and the C(Z) - topology — is as general as the setup in Chapter 3 (coherent
upper previsions and £ (€2,.4)). If we are faced with a coherent upper prevision
P on (Q,A) whose credal set M contains probability charges which are no
probability measures, we can always turn over to the classical measure theoretic
setup in the following way: Build the set

P = {¢o(P)| Pe M} = ¢o(M)

This is a C(E)-compact structure of an upper expectation which consists of
probability measures on (Z, B) where = is a compact Hausdorff space. Then, all
calculations can be done on the measurable space (Z,B() and with probability
measures. Finally, the obtained results can be transformed back to (€,.4) by

Pf] = Po[&(f)] V€ Lx(A
where Py is the upper expectation which belongs to the structure P on (Z,By) .

The reader who does not like probability charges which are not probability
measures may always turn over to the classical measure theoretic setup by this
way. However, the canonical Stone space is not very convenient to handle so
that it seems to be easier to deal with coherent upper previsions on (€2,.4).
Accordingly, the practical use of this representation may be rather limited but
it is very interesting from a theoretical point of view that there is no essential
difference between both setups. The rest of this book usually considers coherent
upper previsions.

The specific choice of the canonical Stone representation is not important in
this book. However, it is important that there is a uniquely defined represen-
tation — this will be used in Section 8.3 in order to define standard measures
for probability charges which are not o-additive. Standard measures are useful
because it is possible to calculate (upper) Bayes risks in decision theory with the
help of standard measures. These concepts of decision theory under complex
uncertainty are presented in the following part. Therein, complex uncertainty
is modeled by coherent upper previsions and credal sets.



Part 11

Contributions to decision
theory
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Chapter 6

Introduction

Decision theory provides a formal framework for determining optimal actions
under uncertainty on the states of nature. It has a wide range of potential
areas of application which includes also statistical problems. However, a serious
problem in practical applications of decision theory is that the uncertainty often
is too complex to be adequately described by a precise probability distribution.
Ambiguity —i.e. the extent of deviation from ideal stochasticity —is an important
part of decision making which cannot be neglected. In order to take ambiguity
into account properly, any of the concepts of imprecise probabilities presented
in Part I can be used. Imprecise probabilities are already applied in a number of
recent articles in decision theory, e.g. Augustin (2003), Schervish et al. (2003),
Utkin and Augustin (2005), Troffaes (2007a) and Hable (2008b).

Within this book, the concept of imprecise probabilities according to Walley
(1991) — i.e. the concept of coherent upper previsions — is used. The present
part introduces the decision theoretic setup and develops some important tools
which prove to be useful in decision theory under imprecise probabilities. These
tools are mainly adapted from the work of L. Le Cam (Le Cam, 1986) and
transfered to the theory of imprecise probabilities. Within the theory of impre-
cise probabilities, these tools have been introduced by Hable (2007) and Hable
(2008a).

We start with an informal description of the decision theoretic setup under
imprecise probabilities. In order to explain the decision theoretic setup we are
concerned with, the classical decision theoretic setup is recalled at first:

There is a set © where each element § € O represents a possible state of nature.
We know that one state of nature will occur but we do not know which one it
will be. Furthermore, there is a set D where each element ¢ € D is a decision —
also called action — we can choose. Depending on what state of nature 6 occurs,
every decision t leads to a loss Wy(t) € R. The goal is to choose a “good”
decision so that the loss is as small as possible.

Sometimes, we might know a precise expectation 7 for the states of nature
0 € ©. Then, we can choose the decision that minimizes the expected loss

/ Wy (t) 7(d0)
S]

In addition, we often can choose our decision on base of an observation y €
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Y. For example, the observation y may be the outcome of an experiment.
The distribution of the observation y might be a precise expectation Qy which
depends on the state of nature §. That is (Qg)sco is a model which describes
the distribution of the observation y.

Such “data-based decision making” can be formalized by choosing a decision
function 6 : ¥ — D, x +— 0(y) which minimizes

/ / Wo(5(y)) Qo(dy) m(d6)
eJYy

Decision theory commonly also deals with randomized decisions. Randomized
decision procedures (randomizations) are defined in Chapter 7 and Section 8.1.
Confer Berger (1985) for an introduction to these basic concepts of decision
theory.

In the following, we are concerned with a more general decision theoretic setup
because we also want to deal with imprecise probabilities:

Since the prior knowledge about the states of nature will frequently not be
precise, we allow for a whole set P of possible precise expectations 7. Also the
knowledge about the distribution of the observation may only be imprecise so
that there are sets My of possible precise expectations QQy. While minimizing the
expected loss in case of precise expectations is widely accepted, there are several
reasonable optimality criteria in case of imprecise expectations; confer Troffaes
(2007a) for a discussion of the most important ones. In this book, the so-called
I'-minimax criterion is mainly used which represents a worst case consideration.’
That is we choose a decision function § (or rather a randomization later on)
which minimizes the twofold upper expectation

sup /@ sup /y Wa(6(y)) Qo(dy) m(d6)

TEP QoEMy

Unfortunately, a direct solution of this problem is quite often computationally
intractable. This fact gives rise to many of the investigations in this book.

A solution of this problem is much more easier if decisions are not data-based.
However, data-based decision problems are more important for applications —
the more so as the main applications we are interested in are statistical problems.
In fact, statistical problems can be formalized as decision theoretic problems.
The part of decision theory which is concerned with the formalization of statis-
tical problems is also called statistical decision theory (cf. e.g. Berger (1985) or
Le Cam (1986)). Of course, statistical decision theory is always data-based.

Remark 6.1 In case of precise probabilities, it is usually not necessary to ex-
plicitly consider data-based decision problems because it is possible to solve data-
based decision problems by solving appropriate data-free decision problems. This
is due to a famous theorem which is often called the “main theorem of Bayesian
decision theory”; cf. e.g. (Berger, 1985, § 4.4.1). However, this is usually not
possible in case of imprecise probabilities as pointed out by Augustin (2003). As
a consequence, data-based decision problems are a matter of its own in impre-
cise probability theory. The question if data-based decision problems have to be

1For the use of the I'-minimax criterion in Bayesian analysis, cf. Vidakovic (2000) and the
literature cited therein.
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considered explicitly picks up an old debate between frequentists and Bayesians:
Does the posterior distribution 7(-ly) contain all relevant information after ob-
serving y? It is neither the aim of the present book to add new arguments to this
debate nor to review it. The present book is only concerned with the mathemati-
cal investigation of decision problems with an explicitly data-based formulation.

The following Chapter 7 contains a mathematical rigorous explanation of the
decision theoretic setup. Here, fundamental decision theoretic concepts are re-
called and extended to imprecise probabilities.

Chapter 8 introduces some important advanced decision theoretic tools, namely
generalized randomizations, equivalence/sufficiency and standard measures. As
already mentioned above, many of these concepts are translations of objects
which have been introduced by L. Le Cam in a very general setup of precise
probabilities. Most of these translations are analogous to the proceeding in
Buja (1984). However, there are fundamental differences which arise from the
fact that Buja (1984) uses more traditional concepts based on Polish spaces and
o-additive probability measures.

Firstly, Section 8.1 is concerned with generalized randomizations which gener-
alize Markov kernels. On the one hand, these generalized randomizations have
a less descriptive interpretation but, on the other hand, they are a powerful
mathematical tool. Indeed, they help to avoid some difficulties which arise if
Markov kernels are considered only. In contrast to Le Cam, results which are
obtained by use of generalized randomizations are translated in terms of Markov
kernels as far as possible in this book.

In Section 8.2, we define an equivalence relation on the set of all (precise) models
(Qo)oco according to which two (precise) models (Py)geco and (Qg)oco are
equivalent if the following is true: Observations of model (Py)gco can artificially
be generated (by a randomization) from observations of model (Qg)gco and vice
versa.

Every equivalence class contains a uniquely determined standard representa-
tive. This representative which is called standard model is defined in Section
8.3. A standard model is a model which consists of probability measures on
a very convenient measurable space. Due to equivalence, we can investigate
every model with the help of its standard model (cf. Chapter 11). In order to
define standard models for precise models which do not consist of o-additive
probability measures, the results from Chapter 5 concerning canonical Stone
representations are crucial.

Since the concepts introduced in Chapter 8 are strongly connected with concepts
introduced by L. Le Cam, part II closes with Chapter 9 where the connections
to L. Le Cam’s setup are explained. On the one hand, L. Le Cam’s setup is more
specific than the setup used in imprecise probabilities because L. Le Cam only
deals with precise probabilities. On the other hand, his setup is more general
because he does not consider explicitly specified sample spaces but considers
probabilities as elements of certain vector lattices. Furthermore, Chapter 9 may
also serve as a comprehensible introduction to L. Le Cam’s abstract setup.



Chapter 7

Basic definitions in decision
theory

Let © be any index set. The elements 6 € © are called states of nature and ©
is called set of states.

Let D be any set. The elements ¢ € D are called decisions. Let D be an algebra
on D. Then, (D, D) is called decision space. D represents the set of all possible
decisions in a decision problem.
A family of functions

(We)oco C L(D,D)

is called loss function. Every loss function (Wp)geco defines a function
W: ©exD — R, (0,t) — Wy(t)

This function is also called loss function.

Let Y be a set and B an algebra on )). The elements of ) represent the possible
outcomes of an experiment. Therefore, (Y, B) is called sample space.

A measurable map
§: Y =D, y iy

is called decision function. A finitely additive Markov kernel

T: YxD — R, (y,D) — 7,(D)

is called randomized decision function (on (Y, B)); confer Section 8.1 for finitely
additive Markov kernels. Especially, 7 defines a map

T, Y — ba"{‘(ID),D)7 Y = Ty

y +— Ty has the following descriptive interpretation: After observing y, start an
auxiliary random experiment according to the distribution 7, and choose that
action d which is the outcome of the auxiliary random experiment.

A family of probability charges

(Qo)oco C bai(¥,B)
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is called precise model on (), B).
A family of coherent upper previsions

(Qploce on  Le(V,B)

is called imprecise model on (Y, B).

These terms are adapted from the notion “statistical model”. Buja (1984) and
Le Cam (1964), for example, use the term “experiment” instead of “model”.
Let (Qy)oco be an imprecise model on (), B) and, for every 6 € ©, let My be
the credal set of Q, on (), B). Then, the family of credal sets

(Mo)oce My C baf(Y,B)

is denoted as the family of credal sets which corresponds to the imprecise model

(Qp)oco-

Notation 7.1 (y, B, (Q.g)@e@) is called precise model if Y is a set with algebra
B and (Qg)oco is a precise model on (Y, B) .

(y,zs, (Qe)gee) is called imprecise model if ) is a set with algebra B and
(Qg)oco is an imprecise model on (¥, B) .

With all these settings, the function
0~ R 0 QniWal] = [ [ W)@y
yJp

is called risk function of T (for the precise model (Qg)sco); and the function

o - R, eH%hmﬂ:wpékwmmwmm

QoEMy

is called risk function of T (for the imprecise model (Qy)gco)-
The lower the risk function is the better the (randomized) decision function is.

Clearly, a (randomized) decision function 7 is optimal if

Qp [%.[We]} < Qp {T.[Wa]} Voeco

for every other randomized decision function 7. Unfortunately, such a “uni-
formly optimal” 7 almost never exists. Therefore, we have to rely on different
optimality criteria defined by the Bayes risk:

Let 7 be a probability charge on (©,29). Then, 7 is called (precise) prior
distribution on © and

R ((Qo)oco, 7, W) = /@QG{T.[WM] m(df) =

/@/),/DWG(t)Ty(dt)Qe(dy)w(dG)

is called Bayes risk of T with respect to .
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More generally, let II be an coherent upper prevision on L4 (0,2°) with cor-
responding credal set P and consider an imprecise model (Qy)gco With cor-
responding family of credal sets (Mg)geo . Then, II is called imprecise prior
distribution on © and

R ((Qgloco, 7, W) = sup/eée {T.[Wo]:| m(df) =

TeP

— sup /@ sup /y / Wo(t) 7, (dt)Qo (dy) =(d6)

TEP QoEMy

is called (upper) Bayes risk of T with respect to I1.

A (randomized) decision function 7 is called optimal with respect to the prior
II if
Ry ((Qoloce, 7, W) < Ri((Qploco, T, W)

for every other randomized decision function 7. That is, 7 is optimal if it
minimizes the upper Bayes risk.

These definitions includes that we have chosen the I'-minimax optimality crite-
rion which represents a worst case consideration (cf. Chapter 6) - as done e.g.
in Huber and Strassen (1973) and Buja (1984) in a similar setup or in robust
Bayesian analysis (c.f. Vidakovic (2000)).

Notation:

It will be seen in the following chapter that every randomized decision function

7 defines a map
ba(Y,B) — ba(D,D)

where the image of u € ba(), B) is the bounded charge on ba(D, D) given by
Lu®D) = B, b pfnfh] = /y By (dt) i dy)
This map is again denoted by 7. That is,
) = nfrlil] = [ )ty iy

With this notation, the risk function of 7 can be written as

0 - R, 0 — 1(Qo)[Wp]



Chapter 8

Extended decision theoretic
concepts

8.1 Generalized Randomizations

8.1.1 Definitions and basic properties

Usually, randomizations are modeled via Markov kernels. Since o-additivity is
relaxed to finite additivity in this book, it is suggesting to model randomizations
via “finitely additive Markov kernels”.

Definition 8.1 Let Q1 be a set with algebra Ay and let Qo be another set with
algebra Ay . A finitely additive Markov kernel on Q1 x As is a map

T Ql XAQ — R) (W17A2) = Tuu(A?)
such that

o 7.(A2): wy— 7, (A2) is an element of Loo(Q1,. A1) for every As € Ay
and

o 7, : Ay 7, (Ag) is an element of bal(Qq, Az) for every wy € Q.

A finitely additive Markov kernel on Q1 X As is also called randomized function

from (Q1, A1) to (22, Az) .

The only difference between this definition and the usual definition of a Markov
kernel is: Here, we do not insist on 7,, € cal(Q2,A2) — we only insist on
T, € baT(Q2, As). This explains the term “finitely additive Markov kernel”.
A non-randomized function from (1,.41) to (22,.42) is a measurable function
d : Q1 — Qo which maps a fixed wy € 5 to a fixed we = §(wy) € Q. That is,
every wy leads to some wy = 0(w1) in a deterministic way.

The idea behind a randomized function from (€21, A1) to (22, A2) is the following
procedure: Given some wi, start a auxiliary random experiment according to
the distribution 7,,,. Then, this auxiliary random experiment produces the ws
in a random way.

Finitely additive Markov kernels are called ordinary randomization because they
are — apart from o-additivity — exactly the randomization which are usually
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used in decision theory and because they have a descriptive interpretation as
randomized functions. Below, a slight generalization will be defined which is
called generalized randomizations.

Firstly, note that a finitely additive Markov kernel 7 defines a map
T : Lo(Q2,A2) — Loo(C, A1),  fo = T(f2)
via
T(f2)wi) = [ falwz) 7w, (dws) (8.1)
Qo

for every w1 € Q; and fo € Loo(Qo,A2). This map T : Loo(Q2, A2) —
Eoo(ﬂlwAl) is

e linear
e positive: T(fz) > 0 Vfy >0

e normalized: T(Ig,) = Iq,

Furthermore, a finitely additive Markov kernel 7 defines a map
o ba(Q,A41) — ba(Qg, As), o — o(uy)
via
o(u)lfe] = A fa(w2) 7, (dw2) pur (duwr) (8:2)
2

for every puy € ba(1, A1) and fa € Loo(2,A2). This map o : ba(Qy,.41) —
ba(Qg,Ag), is

e linear
e positive: o(u1) > 0 Vpur >0
e normalized: o(u1)[la,] = pilla,] Vi

Note, that o is the adjoint operator of T" because

o(p)lfz] = m[T(f2)] Vfo € Loo(Q2,A2), V1 € ba(f, Ar)

As in (Le Cam, 1964, § 3) and (Le Cam, 1986, § 1.3), this motivates the following
definition:

Definition 8.2 (Generalized randomization) Let Q; be a set with algebra
A1 and let Qo be another set with algebra As. A generalized randomization
from (1, A1) to (Q2, As) is a map

g ba(Q1,A1) — ba(QQ,Ag), g 0(,[11)
which is

e linear
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e positive: o(p1) > 0 Vur >0, pi €ba(,A4)
o normalized: o(p1)[la,] = pilla,] Vw1 € ba(Qq, A;)

The set of all generalized randomization from (21,.A1) to (Qa,As) is denoted
by T(Ql, QQ) .

Remark 8.3 The above definition is a translation of the definitions of “ran-
domization” in (Le Cam, 1964, § 3) and “transition” in (Le Cam, 1986, § 1.5).
Due to the usual setup based on explicitly specified sample spaces (0, A;), do-
main and codomain of generalized randomizations are ba(1, A1) and ba(Qs, As)
in Definition 8.2. In contrast, the definition of transitions in (Le Cam, 1986, §
1.3) is formulated in terms of general L-spaces — this is due to the general setup
in Le Cam (1986) where the sample spaces are not explicitly specified. The def-
inition of transitions is recalled in Chapter 9 and Proposition 9.4 shows that
every generalized randomization in the sense of Definition 8.2 is a transition in
the sense of (Le Cam, 1986, § 1.3).

As seen above, every (finitely additive) Markov kernel defines a generalized
randomization. Since those generalized randomizations which are defined by
(finitely additive) Markov kernels are exactly the objects which are usually
considered as randomizations, we may call them ordinary randomizations:

Definition 8.4 (Ordinary randomization) A generalized randomization (from
(@1, A1) to (Q2,A2)) which is defined by a finitely additive Markov kernel via
(8.2) is called ordinary randomization (from (€1, .A;) to (Q2,.A2)) or simply
randomization.

The set of all (ordinary) randomization from (21, A1) to (2, A2) is denoted by
To(21,90) .

Of course, every ordinary randomization is a generalized randomization but
even more: The ordinary randomizations are dense in the set of the general-
ized randomizations; cf. Theorem 8.8. Later on, we will also need a class of
randomizations which have a very simple form; those randomizations are called
restricted randomizations:

Definition 8.5 (Restricted randomization) For i € {1,2}, let Q; be a set
with algebra A; and let
T: Qx Ay — R

be a finitely additive Markov kernel on 1 X Ay such that

Twi,d2) = Y ag,(wi) 05,(A2)  Vwr €, Ay €A (8.3)

02680
where Qg C Q9 is a finite set, 0z, denotes the Dirac measure in ws,
g, > 0, Qg, € LOO(QQ,.AQ) Yoy € Qg and Z Qg, = 1
Then, the ordinary randomization which is defined by T via (8.2) is called re-

stricted randomization (from (Q1,.41) to (Q2,.42)) and 7,.(Q1,Q1) denotes the
set of all restricted randomizations from (1, A1) to (a2, As) .
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Remark 8.6 Analogously to the definition of ordinary randomizations, the above
definition is a translation of the definitions of “restricted randomized map” in

(Le Cam, 1964, § 3) and “finitely supported transition” in (Le Cam, 1986, §

1.4). According to Proposition 9.5, the restricted randomizations in the sense

of Definition 8.5 are precisely the ((I', H) — continuous) finitely supported tran-

sitions in the sense of (Le Cam, 1986, § 1.4).

T (1, 82) can be provided with the topology of pointwise convergence. This is
the smallest topology so that

T(Q1,2) =R, 0~ o(u)[fe]

is continuous for every p1 € ba(21,.41) and every fo € L (€2, A2). The follow-
ing theorem is one of the reasons why we use this generalization of randomized
functions:

Theorem 8.7 7(Q4,Q2) is a compact Hausdorff space (with respect to the
topology of pointwise convergence).
(Cf. (Le Cam, 1986, Theorem 1.4.2).)

The following theorem indicates that the term “randomization” has only been
slightly generalized:

Theorem 8.8 The following inclusions are valid:
7;(91,92) C ,T()(Ql,QQ) - T(thz) (84)

Furthermore, T,.(Q1, Q) and To(Q1,Q2) are dense in T (Qq,Qs) (with respect to
the topology of pointwise convergence).

Proof: Equation (8.4) is obvious from the definitions. The second statement
is a special case of (Le Cam, 1986, Theorem 1.4.1):

In (Le Cam, 1986, Theorem 1.4.1) put L = ba(Q, A1), D = Q3, T = Lo(Q22, Az)
and H = M. The transitions which are finitely supported and (T', H) continu-
ous are dense in 7 (21, Qs) with respect to the topology of uniform convergence
on the elements of K (as defined in (Le Cam, 1986, p. 7)).

Since {u1} x {f2} € K for every p; € ba(Qy,.A1) and every fo € Lo(Q2,.42),
the topology of pointwise convergence is weaker than the topology of uniform
convergence on the elements of K.

Hence, the transitions which are finitely supported and (', H) continuous are
also dense in 7 (21, Q2) with respect to the topology of pointwise convergence
and it suffices to prove the following statement: Every finitely supported and
(T, H) continuous transition (according to (Le Cam, 1986, p. 6f)) is a restricted
randomization (according to Definition 8.5).

The latter statement is shown by Proposition 9.5 below. O

Theorem 8.7 and Theorem 8.8 are due to L. Le Cam. Results from Le Cam
(1986) can be used in this book because the setup here is a special case of the
general setup in Le Cam (1986). However, for the reader who is not familiar
with the general setup, it is very hard (or even impossible) to look up these
results in Le Cam (1986). Therefore, the connection of the setup in this book
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and the general setup in Le Cam (1986) and Le Cam (1964) is explained in
Chapter 9.

The present subsections ends with a convenient characterization of ordinary
randomizations.

Proposition 8.9 Let Q1 be a set with algebra Ay and let Qo be another set
with algebra As . Let o € T(Q1,82) be a generalized randomization. Then, the
following statements are all equivalent:

a) o is an ordinary randomization.

b) There is a map T : Log(Q2, A2) — Loo(Q1,.A1) which is linear, positive
(T(f2) >0 V fo>0) and normalized (T(Iq,) = Iq,) such that o is the
adjoint operator of T .

¢) o is continuous with respect to the Lo (21,.A1) - topology on ba(21,.A;)
and the Lo (Qa, A2) - topology on ba(Qz2, As) .

Proof:
(a) = (b): As already stated above, this is a direct consequence of the defini-
tion. Put T'(f2)(w1) = 7w, [f2] where 7 is a finitely additive Markov kernel
which defines o via (8.2).

(a) < (b): T defines a finitely additive Markov kernel via 7, [I4,] = T(I4,)(w1) .
Then,

o) {Lag] = 1 [T(Lay)] = / / Lpy (w2) T, (dez) i (d)

for every u; € ba(21,A4;1) and Ay € Ay. According to the definition of
L (2, Az), this implies

o(u)lfs) = / / Jo(w2) T (do) pa (dw)

for every p1 € ba(Q1,.A41) and fo € Loo(Qa, A2) .

(b) = (c¢): All topological terms within this proof are with respect to the topolo-
gies mentioned in Proposition 8.9.

Let (pt1,4)yep be a net in ba(£21, A;) which converges to some 11 € ba(1,.4).
This implies that, for every fo € Loo(Qs, As),

o(p)f2] = m,[T(f2)] M (T(f2)] = o(m)[f2]

That is, o(p1,y) — o(p1) according to Theorem 21.2b).
2!

(b) <= (¢): According to (Dunford and Schwartz, 1958, Exercise VI.9.13), there
is a norm-continuous linear functional T : Lo (22, A2) — L&(21,41) such
that o is the adjoint operator of T'.

T is positive because T'( f2)(w1) = 0w, [T(f2)] = 0(0u,)[f2] = 0 for every fo >0
where d,,, denotes the Dirac measure.

T is normalized because T'(Io,)(w1) = 6w, [T(I,)] = 0(8w,)[Ia,] = 1. O
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8.1.2 Generalized decision procedures

As explained in Chapter 7, decision procedures (called randomized decision
functions) are defined via Markov kernels. In the previous subsection, general-
ized randomizations were defined as generalizations of Markov kernels. So, it
is suggesting to use this definition in order to generalize randomized decision
functions:

Definition 8.10 Let (D, D) be a decision space and (Y, B) a sample space. A
(generalized) decision procedure is a generalized randomization

o : ba(y,B) — ba(D,D)
In order to define the risk function of such a generalized decision procedure
o : ba(Y,B) — ba(D,D)
let
(Wa)oco C Lo(D,D)

be a loss function and (Qg)cpco be a precise model on the sample space (Y, B) .
Then, the risk function of o is defined to be

0 — R, 0 — U(Pg)[Wg}

Accordingly, the risk function of o for an imprecise model (Qy)gco on (Y, B) is
defined to be

© - R, 06— sup o(F) Wl
PyeMy

where My is the credal set which corresponds to Qg for every 6 € 6.

Of course, these definitions reduce to the usual ones if the decision procedure o
is defined by an ordinary randomization; confer also Chapter 7.

In order to unify terminology, the following definitions are used, too:

Definition 8.11 Let (D, D) be a decision space and (¥, B) a sample space. A
restricted /ordinary decision procedure is a restricted/ordinary randomization

o : ba(Y,B) — ba(D,D)

That is, every ordinary decision procedure corresponds to a randomized decision
function and vice versa.

8.2 Sufficiency and equivalence of imprecise mod-
els

8.2.1 Definitions and basic properties

Sufficiency is not only a very important concept in statistics but also in decision
theory. The following definition is an analog to the corresponding definition in
Buja (1984).
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Definition 8.12 (Sufficient) Let © be any index set. Let Y be a set with
algebra B and let (Qg)oco be a precise model on (V,B). Let X be another set
with algebra A and let (Py)oco be a precise model on (X, A) .

(Py)geo is called sufficient for (Qg)gco if there is a generalized randomization
o €T(X,Y) sothat 0(Py) = Qg VO € O.

This definition of “sufficiency” essentially goes back to Blackwell (1951). It does
not strictly coincide with the more common definition in terms of conditional
expectations but, under suitable assumptions of regularity, the definitions do
coincide (cf. Heyer (1973)). At least, if the randomization o is an ordinary
randomization, which is defined by a randomized function x — 7, , it has a very
descriptive interpretation:

Let = be an observation distributed according to Py. After observing x, start
an auxiliary random experiment according to 7,. Then, the outcome y of the
auxiliary random experiment is distributed according to Q. That is, if we have
observations of the model (Py)gco, we can artificially generate observations of
the model (Qg)oco “by coin tossing”.

This illustrates that (at least in case of an ordinary randomization) the model
(Qo)oco cannot be more informative than the sufficient model (Py)pco.

Using this definition of sufficiency, we can define an equivalence relation on the
set of all precise models

{(Z,C, (Pg)ge@) ’ Z a set with algebra C, (Pylgco C baJ{(Z,C)}

Note that, while the sample space (Z,C) may change, the index set © is fixed.

Definition 8.13 (Equivalence of models) Let © be any index set. Let Y be
a set with algebra B and let (Qp)oco be a precise model on (V,B). Let X be
another set with algebra A and let (Py)oco be a precise model on (X, A) .
(Py)oco and (Qg)gco are called equivalent if they are mutually sufficient.

That is, (Pypleco and (Qp)gco are equivalent if and only if there are some
o €T (X,Y),peT (Y, X)sothat 0(Py) = Qp VO € ©and p(Qy) = Py V0 € O.
This definition of equivalence is in accordance with Le Cam’s definition (cf.
Proposition 9.7). The descriptive interpretation of sufficiency already indicates
that equivalent models essentially coincide from a decision theoretic point of
view.

Now, we turn over to imprecise models. Recall from Notation 7.1, that the term
“(¥,B,(Qg)oco) is an imprecise model”

means that ) is a set with algebra B and (Qp)sceo is an imprecise model on
(¥, B). An analogous notation is used for precise models.

The following definition is again an analog to the corresponding definition of
worst-case-sufficiency in Buja (1984).

Definition 8.14 (Worst-case-sufficient) Let © be any index set. Let (Y, B,(Qy)oco)
be an imprecise model with corresponding family of credal sets (Myg)oco on
(V,B). Let (X, A, (Py)oco) be a precise model.

(Py)gco is called worst-case-sufficient for (Qp)ece if there is precise model (Qg)oco €
(Mp)oco such that (Pp)gce is sufficient for (Qg)oco -
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That is, (Py)epeco is worst-case-sufficient for (Qp)gco if and only if there is some
o€T(X,Y)sothat V6 € ©

a(Py)lgl < Qulgl, Vg€ Lx(YB)

Indeed, worst-case-sufficiency is a very weak form of sufficiency but it is often
enough because we have chosen a worst case consideration in decision theory
under imprecise probabilities; cf. Chapter 6.

Finally, sufficiency can also be defined for imprecise models:

Definition 8.15 (Sufficient) Let © be any index set. Let (V,1B,(Qp)eco) be
an imprecise model with corresponding family of credal sets (Mp)oco. Let
(X, A, (Pg)geo) be an imprecise model with corresponding family of credal sets
(Mo)oce-

(Pg)oco is called sufficient for (Qy)gco if there is a generalized randomization
o€ T(X,Y) such that Vo € ©

sup o0(Py)lg] = Qglgl, Vg€ Lu(V,B) (8.5)
PyeNy

Proposition 8.16 Let © be any index set. Let (Y, B, (Qy)oce) be an imprecise
model with corresponding family of credal sets (My)geo. Let (X, A, (Pg)gco)
be an imprecise model with corresponding family of credal sets (Ny)oco-

Then, (Pp)oco is sufficient for (Qp)ece if and only if there is a generalized
randomization o € T(X,Y) such that

c((a(]\fg)) = My vVh e
where cl denotes the closure with respect to the Lo (Y, B) - topology of ba(Y, B) .

Proof: Proposition 3.4 and (8.5) imply that the credal set My of Q, is equal to
clco(o(Ny)) . Convexity of Ny and linearity of ¢ imply that o(Np) is convex.
Hence, c/(o(Np)) is the convex closure of o(Np) according to (Dunford and
Schwartz, 1958, Theorem V.2.1). That is, c/(c(Np)) = clco(o(Ng)) = My.
The converse statement is trivial. O

Remark 8.17 If the generalized randomization o in Definition 8.15 is even an
ordinary randomization, then

J(Ng) = M9

is the credal set of Q, for every 6 € © . This follows from Proposition 8.16 and
Proposition 8.9.

Analogously to precise models, we can also define equivalence for imprecise
models:

Definition 8.18 Let © be any index set. Let (Y, B,(Qg)oco) and (X, A, (Py)oco)
be imprecise models.
(Pg)oco and (Qg)oco are called equivalent if they are mutually sufficient.
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Remark 8.19 Since probability charges are special cases of coherent upper pre-
visions, precise models (Pp)oco and (Qp)gco are special cases of imprecise mod-
els. Hence, the terms “sufficient” and “equivalent” have been defined twice for
(Py)geco and (Qp)oco — considered as precise models in Definition 8.12 and Def-
inition 8.13, considered as imprecise models in Definition 8.15 and Definition
8.18. However, it is obvious that the respective definitions coincide in this case.

Every imprecise model is equivalent to a uniquely defined imprecise model on
a compact Hausdorff space which consists of upper expectations — namely the
canonical Stone representation:

Theorem 8.20 (Equivalence of the canonical Stone representation)
Let (V,B,(Qp)oco) be an imprecise model. Let (Z,By) be the canonical Stone
space of (¥, B) and, for each 0 € ©, let Sp g be the canonical Stone representa-
tion of Q, (according to Theorem 5.5).

Then, (Qp)oco and (Soe)eco are equivalent.

Proof: For 0 € O, let My be the credal sets of @, and No,e the credal set of
3079 .

According to Theorem 5.1, there is an L-space isomorphism
¢o : ba(Y,B) — ca(E,Bo)

such that

sup  ¢o(Qo)[ho] = go,e[ho] Vho € Loo(E,Bo)
QoEMap

for every § € ©. It is easy to see that an L-space isomorphism is always a
transition L. Hence, ¢y is indeed a transition — i.e. a generalized randomization
—and (Qg)eeo is sufficient for (Sp)sco -

Conversely, put
a(wo)lf] = w[€(f)] VY eba(E,Bo), VfELx(VDB)
where £ is the canonical Stone kernel. This defines a generalized randomization
o : ba(Z,By9) — ba(),B), vy +— o)

and, according to Theorem 5.5,

Qlr1 2 Soole(n)] = s Soal6(N] = _sup ()]
S0,0ENo0 So,0€No,6
for every f € L (Y,B). Hence, (So.4)sco is sufficient for (Qy)oco - O

For the above theorem, it is crucial that the canonical Stone space (Z,9) for
a coherent upper prevision Q, only depends on (), B) and does not depend
on Q,. Therefore, (Z,%B) does not depend on § and we are able to define an
imprecise model (Sp g)sco on (2, Bo).

IThis is a direct consequence of the definitions and (2.10).
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As seen in case of the canonical Stone representation, this notion of sufficiency
is an interesting theoretical tool. In addition, Subsection 8.2.2 contains a nice
example for sufficiency of imprecise models which shows that this concept can
also be applied in real statistical situations.

In standard mathematical statistics, sufficiency is usually defined by conditional
expectations. The concept of conditional expectations which arise in this def-
inition is a rather abstract measure theoretic concept which deeply relies on
o-additivity. Since the definition of conditional expectations for imprecise pre-
visions is a complicated matter of its own which rises many problems even in
case of finite sample spaces?, one might think that a definition of sufficiency for
imprecise previsions is far of the scope of present research. However, as seen
above, a generalization of the definitions in Blackwell (1951) and Buja (1984)
really leads to a general definition of sufficiency for imprecise previsions which
avoids the problems connected with conditional expectations.

8.2.2 Examples

a) Classical sufficiency

Let ) be a Polish space with Borel-o-algebra 9B, and let (Qg)gco C ca’(),DB)
be a precise model which consists of probability measures Qg on (¥, B). © may
be any index set.

Furthermore, let X’ be a set with o-algebra A, and let

X: )y -4

be a 9B /A- measurable map.
That is, we are faced with the following situation:

(V.. (Qo)oce) ——— (X, A, (QF)oce)

where Q7 denotes the image measure
Qp A= Qo(X(A)
on (X, A); cf. e.g. (Hoffmann-Jgrgensen, 1994a, §1.44).

Assume that X is sufficient in the usual sense of mathematical statistics; cf.
e.g. (Shao, 2003, Definition 2.4). That is, the conditional distribution given
X = x with respect to Qg

B — [0,1], B — Qy(B|X =2x)

does not depend on 6. Since (Y, B) is assumed to be a Polish space, there is
a regular version of the conditional expectation.® That is, there is a Markov
kernel

T: BxX — R, (B,z) — 1,(B)

2The present state of the art is that there seems to be no definition of conditional ex-
pectations for imprecise previsions which is satisfactory in every situation. Instead, different
situations ask for different definitions of conditional expectations; cf. e.g. Weichselberger and
Augustin (2003).

3Confer (Bauer, 1996, Theorem 44.3), for example.
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such that
T:(B) = Qo(B|X = x) for Qg( - almost every z € X, Vo e
Put
= Qx, Voo

Then, (X,.A7 (P.g)@eg) is sufficient for (y, B, (Qg)geg) according to Definition
8.12 and 8.15 because the Markov kernel 7 defines an ordinary randomization
o such that

o(P)lg] = / / ) 7. (dy) Po(d) / / y) Qu(dy| X =) Q3 (dx)

- /y 9)Quldy) = Qolgl Vg€ Loc(V, D)

for every 6 € ©.

b) Robust statistics

Let (y, B, (Qg)gE@) be a precise model and U(Qp) be a neighborhood of Qg as
common in robust statistics; cf. e.g. (Rieder, 1994, §4.2.1). Put

Qolgl = sup  Kplg] VgeLo(V,B), 0eo
KoeU(Qo)

If (X, A, (Pp)oco) is precise model which is sufficient for (¥,B, (Qg)oco), then
(X, A, (Py)oeo) is worst-case-sufficient for (¥, B, (Qg)oco) -

¢) Parametrically generated coherent upper prevision

Similar to parametrically generated F-probabilities in (Weichselberger, 2001, p.
131ff), parametrically generated coherent upper expectations may be defined:

Definition 8.21 (Parametrically generated coherent upper previsions)

Let Y be a set with algebra B. Let (Qp)gco be a precise model on (), B) where
© is any index set. Furthermore, let H C © be any subset of the index set.
A coherent upper prevision Qp s called parametrically generated by H (with

respect to (Qg)oco) if it is given by
@H[g} = Suon[g], gg»coo(y76)

0cH
Usually, we have © C R* and
H = [0,,01] x [05,05] x --- x [0,,0k] C ©

for some suitable real numbers 6; < 5]» ,i=1,...k.

An imprecise model which consists of such parametrically generated coherent
upper previsions is called parametrically generated imprecise model:
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Definition 8.22 (Parametrically generated imprecise model) Let ) be
a set with algebra B. Let (Qg)oco be a precise model on (Y,B) where © is
any index set. Furthermore, let H C 2° be any subset of the power set of ©.
An imprecise model (Q ;) e is called parametrically generated by H (with re-
spect to (Qg)gco if the coherent upper prevision Q is parametrically generated
by H with respect to (Qg)eco for every H € H .

Now, consider the situation in part a) again:

Y is a Polish space with Borel-o-algebra B, (Qg)gco C caf(y, B) is a precise
model which consists of probability measures Qg on (Y, B).

X is a set with o-algebra A, and X : ¥ — X is a A/ - measurable map. That
is:

(Y., (Qo)oco) X, (X, A, (QF )oco)
Assume that X is sufficient in the usual sense of mathematical statistics; cf. e.g.
(Shao, 2003, Definition 2.4). Then, it was shown in part a) that (X, A, (QF )sco)
is sufficient for (JA%, (Qoee) in the sense of Definition 8.15. The following
theorem states that this sufficiency also implies sufficiency of the respective
parametrically generated imprecise models:

Theorem 8.23 In the above setting, let X be sufficient in the sense of (Shao,
2003, Definition 2.4) and H C 29 be any subset of the power set of ©. Fur-
thermore, let (X,A, (PH)HeH) be the imprecise model which is parametrically

generated by H with respect to (Qy )oco and let (y, B, (@H)HGH) be the impre-
cise model which is parametrically generated by H with respect to (Qo)oco -
Then, (Pu)men is sufficient for (Qy)men -

Proof: According to part a) of the present section, there is an ordinary ran-
domization

o € To(X,))

such that
o(QF) = Qs V0€O®

For H € H, let N be the credal set of Py on (X,.A). Endow ba(),®B) with
the Lo (Y, B) - topology and ba(X,.A) with the L, (X,.A)-topology. Then,

ba(X,A) — R,  p~— o(u)lg]

is linear and continuous for every g € L,(),B) according to Proposition 8.9
and Lemma 21.3. This implies

Qulgl = sup Qolg] = supo(Qy)[g] = sup o(Pr)lg]
0eH 6eH PueNy
where the last equality follows from Proposition 3.4 and Lemma 22.3. O

Remark 8.24 The definition of sufficiency of coherent upper previsions can
easily be rewritten into an analogous definition in case of upper expectations.
Then, an analog of Theorem 8.23 can be proven for upper expectations following
the lines of the above proof where Proposition 3.4 is replaced by Proposition 4.7.
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In order to get a better impression of the above theorem, we may consider a
more concrete example:

In an ideal situation, the outcomes of an experiment may be distributed accord-
ing to a one-dimensional normal distribution

Y1, Y2, Y3, -~ ¥100 ~ N(01,02)

Here, we have 100 independently, identically distributed observations y; € R
and 6 = (61,02) is the parameter where 6, € (—00,00) denotes the mean and
02 € (0,00) denotes the variance of the normal distribution. The assumptions
imply that the observation is

Y = (Y1,¥2,-- - y100) ~ N(01,602)2'° = Nigo(a(6:), B(62))

where
61 0 0 - - - 0
01 0 6, 0 - - 0
a(th) = € R phy) = ’ . € R100x100
. ) .
01 0 0 - - 0 69

So, the parametric precise model is (y, B, (Qe)gee) where
Yy = R1007 Qf) = NlOO(a(91)7b(02))a 0 = (7003 OO) X (0,00)

In a less idealized situation, only a parametrically generated imprecise model is
assumed: Let H be a subset of 2© such that each H € H is of form

H = [0,,01] x [0,,02] C ©

for some suitable real numbers 0, < 0;,j€{1,2}.
Then, the parametrically generated imprecise model is given by

Qplg] = sup Aloongloo(a(91),b(92))

0cH

No matter if we consider the precise model (y, B, (QQ)QE@) or the imprecise
model (y, B, (@H)HeH), the sample space is

y — RlOO

which is quite intractable. However, the precise model becomes tractable by the
well-known fact that the map

100 100
X RlOO - RQ, (y17y27"'7y100) — (Zy77 Zy12>
=1 1=1

is sufficient. That is, we do not need the quite large sample space ) = R!0: it
is enough to consider the precise model

Py = QF, feo
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on the sample space
X = (—00,00) x (0,00) C R?

Now, Theorem 8.23 states that the same is true also in case of the paramet-
rically generated imprecise model: It is enough to consider the parametrically
generated imprecise model

Pylf] = glelBPe[f], Vi€ Lo(X,A), HeH

on the smaller sample space

X = (—00,00) x (0,00) C R?

Another example where the above introduced notion of sufficiency for imprecise
models can be used is the so-called “Imprecise Dirichlet Model” which attracts
an amazing amount of attention in the theory of imprecise probabilities. The Im-
precise Dirichlet Model is an imprecise model which is parametrically generated
by the Dirichlet distribution. Since the precise Dirichlet model is an exponential
family, valuable statistics are at hand which are sufficient in the usual sence of
mathematical statistics. According to Theorem 8.23, these statistics are also
sufficient for the Imprecise Dirichlet Model.

8.3 Standard Models

In Section 8.2, we have defined an equivalence relation on the precise models
with a fixed index set ©. Each equivalence class contains a uniquely defined
representative (called standard model later on) which has some nice properties.
As stated in Section 8.2, equivalent models coincide from a decision theoretic
point of view. Therefore, every decision problem coincides with a “standard
decision problem” where a standard model is involved; properties of the original
decision problem can be deduced from the corresponding “standard decision
problem”; confer Chapter 11.

Let the index set © be finite with cardinality n now. Furthermore, let X be a
set with o-algebra A and (Pp)gco a precise model where each Py is not only
a probability charge but even a probability measure. In this situation, the
standard model can be defined in the following way:

Put 1

P = - P, +
- Z y € cal(X,A)
fco
Hence, for each Py, there is a P-density By such that

Py(A) = /AﬁgdP VAcA

1
The maps By can be chosen such that By > 0 and — E B9 = 1 because
n
6cO

[ Sowar =3 [ suar = S e = npta) = [ 1ar

0€O 0€O 0€O
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for every A € A. Therefore, it can be assumed without loss of generality that

Ba) = (), o Bo() € U VeeX
where
U= {ueR"| u=(ug,...,ug,), ug >0 YOEO, ug, +---+ug, =1}
Put C := B®" NU where BE" is the Borel-o-algebra of R”™. Then,
g X —=U, z — ()
is an A/C - measurable function and we can define the image measures
S = B(P) where S(C)=p(P)(C)=P(B'(C)) VCeC (8.6)

and, for each 6 € ©,

So = B(Py) where S4(C)=p(P)(C)=PFy(s7'(C)) vCeC (87)

Of course, these image measures are probability measures on (U,C). Let ¢p :
U — [0,1], u — ugy denote the projection of u on the #-component ug. Then,
Bo = n-(tp o B) and, therefore, the definitions imply

So(C) = / nigdS YO eC (8.8)
C

Since p +— B(u) * is a randomization and B(Py) = Sy for every § € O, the
precise model (Py)gee is sufficient for the precise model (Sp)pco . The following
theorem states that these two models are even equivalent.

Theorem 8.25 Let the index set © be finite with cardinality n. Let X be a set
with o-algebra A and (Py)oco a precise model where each Py is a measure; let
(So)oco be defined as above.

Then, the precise models (Py)oco and (Sp)oco are equivalent.

The content of Theorem 8.25 is well known; references for standard models are
Blackwell (1951), Buja (1984), Strasser (1985), Le Cam (1986) and Torgersen
(1991). In these references, standard models are called standard experiments.
Though the content of Theorem 8.25 is well known and there are several refer-
ences for standard models, it does not seem to be possible to satisfactorily cite
a reference which is precisely in accordance with the definitions and the setup
used in this book. Therefore, a self-contained proof of Theorem 8.25 is given
below. This avoids involved conversions from the cited references and seems to
be a convenient service for the readers.

Proof of Theorem 8.25: As stated above, the definition of (Sp)gco immedi-
ately implies that (Pp)gce is sufficient for (Sg)pco . Hence, it only remains to
proof the converse direction.

To this end, recall the definitions of P, 3, By, U, C, S and 1y from the beginning
of the present section.

4where B(11) denotes the image measure defined by 3(u)(C) = u(8~1(C))
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Let Ep[f|8 = u| be the conditional expectation of f given 8 = w with respect
to the probability measure P for every f € Lo (X, A) and every u € U;
cf. e.g. (Hoffmann-Jgrgensen, 1994a, § 6.7) for conditional expectations. Let
ca(d,C,S) be the set of all bounded charges which are absolutely continuous
with respect to S; cf. (Bhaskara Rao and Bhaskara Rao, 1983, Definition
6.1.1). The “ca” in this notation is justified because every bounded charge
w € ba(U,C) which is absolutely continuous with respect to some S € ca(i,C)
is also an element of ca(U,C) according to (Bhaskara Rao and Bhaskara Rao,
1983, 6.1.11).

Put
c(f] = / Ep[f|f =ulp(dy)  Vpecal,C.8), V[ Lo(X,A)

Though v — Ep[f|3 = u] is only defined S -almost sure, o(u)[f] is defined
well for every p which is absolutely continuous with respect to S — i.e. for
every u € ca(d,C,S). Put o(u) : f+— o(u)[f]. Then, it is easy to see that
the properties of conditional expectations (Hoffmann-Jgrgensen, 1994a, § 6.8)
imply that

o : cald,C,S) — ba(X,A)), wo— o(p)

is a transition in the sense of Definition 9.2. According to (Bhaskara Rao and
Bhaskara Rao, 1983, Theorem 6.2.2) and Corollary 20.9, ca(i4,C, S) is a band
in ba(i,C). Hence, it follows from Lemma 22.4 that ¢ can be extended to a
transition

o : ba(l{,C) — ba(X,A)), w— o) (8.9)

According to Proposition 9.4, this extended transition is a generalized random-
ization
o : bald,C) — ba(X,A))

Finally, for every f € Lo (X, .A)),

(8.8)

a(So)lfl = /Ep[flﬂ:u}se(dm = /EP[fIﬂZU]'ma(U)S(dU):

—~
=

Y n [Eelf19)- (oo pyaP D n [Bals (o) | 5] P -

W[ sepyar = [gsar < [sar < nis

where (i) follows from the transformation theorem (Hoffmann-Jgrgensen, 1994a,
§ 3.15), (ii) follows from (Hoffmann-Jgrgensen, 1994a, (6.8.2)) and (iii) follows
from (Hoffmann-Jgrgensen, 1994a, (6.8.4)). That is, o(Sy) = Py for every
6 € © and, therefore, (Sp)pco is sufficient for (Py)gco - O

Remark 8.26 The above presentation is similar to (Buja, 1984, § 5) and also
the proof of Theorem 8.25 has some connections to (Buja, 1984, p. 374f) where
an ordinary randomization plays the role of o in (8.9). This ordinary ran-
domization is given by a regular version of the conditional expectation which is
possible because (X, A) is assumed to be a Polish space in Buja (1984). Such
an assumption is not possible here because (X, A) is given by a canonical Stone
space below which — in general — is not a Polish space.
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Therefore, the conditional expectation cannot be assumed to define an ordinary
randomization. Instead, we get a generalized randomization and have to use the
theory of vector lattices in the proof of Theorem 8.25 in order to get around the
problems caused by null sets in the definition of conditional expectations.

Now, we can define standard models for general precise models (Qg)oco on
(Y, B) where Qp does not have to be a probability measure (but a probability
charge) and B does not have to be a o-algebra (but an algebra).

Definition 8.27 Let (¥,B,Qg)oco) be a precise model. Let (X, A) = (Z,B0)
be the canonical Stone space and the precise model (Py)pco be given by

Py = ¢0(Qo), 60O

where ¢q is the canonical Stone transition. For (Py)oco, let S and (Sp)oco be
defined as (8.6) and (8.7). Then, S is called standard measure of (Qg)gco and
(U,C,(So)oco s called standard model of (I, B, (Qg)oco).

Standard measure and standard model are defined well because B is a o-algebra
and the canonical Stone transition defines probability measures Py = ¢o(Qg)
according to Theorem 5.4.

Theorem 8.28 Let (Y, B, (Qo)oco) be a precise model and let (U,C, (Sg)oco)
be its standard model.
Then, (Qo)oco and (Sp)eco are equivalent.

Proof: Let ¢y be the canonical Stone transition and put
Py = ¢o(Qo) VOEO

Q¢ and Py are probability charges and, therefore, they are also coherent upper
expectations. According to Theorem 8.20, (Qg)sco and (Py)oco are equivalent
(in the sense of Definition 8.15) as imprecise models. Hence, they are also
equivalent (in the sense of Definition 8.12) as precise models; cf. Remark 8.19.
According to Theorem 8.25, (Py)geco and (Sy)eco are equivalent.

Together, this implies that (Qg)eco and (Sp)eco are equivalent. O

In the following, precise models (Qg)pco are sometimes abbreviated by calli-
graphical letters F, i.e.
F = (Qo)oco

In this case, the standard measure of F = (Qg)gco is denoted by
S}-
and the standard model of F = (Qp)gco is denoted by
(57 )oco

Furthermore, if (Mj)geco is a family of credal sets which corresponds to an
imprecise model, the expression

F € (Mp)oco
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means that F denotes a precise model F = (Qg)oco such that Qp € My for
every § € ©.

Let (V,B,(Qp)sco) be an imprecise model and let My be the credal set of Q,
for every 6 € ©.

Then, each precise model F = (Qg)gco where Qp € My for every 6 € O has
a standard measure and a standard model. Now we can take the supremum
over all standard measures so that we get a coherent upper prevision, which
may be called “standard upper prevision”. In the same way, we can take the
supremum over all standard models so that we get an imprecise model, which
may be called “standard imprecise model”. This is the content of the following
definition which is an analog to the corresponding definition in (Buja, 1984, §

5).

Definition 8.29 (Standard upper prevision, standard imprecise mogel)
Let (Y, B, (Qg)oco) be an imprecise model and let My be the credal set of (Qy
for every 6 € ©. For every F € (Mg)gco, let ST be the standard measure of
F and (8] )pco be the standard model of F .
Put

S[h] = sup {Sf[h] ’ F € (Mg)oco } VheLoU,C)

Solh] =sup{S7 [h] | F € (Mo)oco}  Vh€ LU,C)

S is called standard ‘upper prevision of Qp)oco and (Sg)ece is called standard
imprecise model of (Qy)gco-

Note that S is in fact a coherent upper prevision on Lo (U,C) and (Se)eco
is in fact an imprecise model on (U,C) — moreover, S and Sy are even upper
expectations.

As stated in Chapter 5, the canonical Stone representation is interesting from a
theoretical point of view because it enables us to work with o-additive probabil-
ity measures on o-algebras whenever we like, i.e. a coherent upper prevision can
always be represented by an upper expectation. However, we have to go over to
the canonical stone space then which is a rather odd space. Theorem 8.28 shows
that, at least in case of precise models, we are not tied up in the canonical Stone
space; we may go over to standard models which are defined on & which is a
very nice subset of R". Especially, U is a compact Polish space. However, note
that it has not been stated that an imprecise model and its imprecise standard
model would be equivalent. This seems to be not true in general.

Summing up, standard models share two important properties: Firstly, they are
defined on the very nice measurable space (U, C). Secondly, they consist of linear
previsions Sy which are o-additive probability measures. Furthermore, there is
a standard model for every precise model and both models are equivalent. This
is used in Section 11.1 where minimal Bayes risks are expressed in terms of
(upper) standard measures.

Remark 8.30
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a) In the definition of standard measure and standard model, it is not possi-
ble to omit the intermediate step with the canonical Stone representation.
This is due to the fact that the definition of S and Sy in the beginning of
the present section heavily rely on o-additivity.® General precise models
may consist of probability charges which lack o-additivity. Therefore, we
have to go over to the (somehow awkward) canonical Stone space in order
to obtain probability measures. Next, we can define standard measure and
standard model for these probability measures just as introduced in Black-
well (1951).

Since Buja (1984) uses the classical setup consisting of probability mea-
sures on Polish spaces, the intermediate step with the canonical Stone
representation is not needed there.

However, the usual definition of standard measures raises the following
question: Let (Y, B, (Qp)oco) be an imprecise model such that B is a o-
algebra and each Q is a o-additive probability measure on B. Then, its
standard measure could be defined in two different ways: Firstly, it could
be defined via the canonical Stone space as done in Definition 8.29. Sec-
ondly, it could directly be defined via 8.6 without the intermediate step
(with the canonical Stone space) as done in Blackwell (1951) and Buja
(1984). Then, the question is: Do these two definitions coincide in this
case? The answer is: Yes! This follows from part b) below.

b) Let (X1, A1, (P19)oco) and (Xa, Az, (Pag)oco) be two precise models such
that A; is a o-algebra and each P; g is a probability measure on A;, i €

{1,2}.

Then, (P1g)oco and (P2g)oco are equivalent, if and only if
S1 = S

where S; is the probability measure for (P;¢)oco defined via (8.6).

The “only if” part follows from (8.8) and Theorem 8.25. For the proof of
the “if” part, it is referred to Le Cam now:
Equivalence implies that the conical measures my of (P1,9)gco and mo of
(Ps,9)9co coincides

m = Mmp = My

according to (Le Cam, 1986, Theorem 2.4.4). S1 and Sy are localizations
of m onU according to (Le Cam, 1986, p. 33). Hence, they coincide on T
which denotes the set of all restrictions to U of the elements of the Choquet
lattice H . According to (Le Cam, 1986, p. 34), T is uniformly dense in
C(U) . This implies Sy = Sy .

c) Let (X1, A1, (Q1,9)0co) and (Xa, As, (Q2.0)oco) be precise models. Then,
(Q1.0)0co and (Q2.0)oco are equivalent if and only if their standard mea-
sures coincide. (In contrast to part b, it is not assumed here that Q19 and
Q2,9 would have to be o-additive probability measures.)

For the proof of this statement, let (P 9)oco and (Pa)oco denote their
canonical Stone representations. Let Sy and So be their standard measures.

5g-additivity is necessary to ensure existence of By according to the Radon-Nikodym-
theorem.
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According to Theorem 8.20, (Q1,0)oco and (Q2.0)oco are equivalent if and
only if (P1,0)oco and (Pag)oco are equivalent. (P1g)oco and (Psg)oco
are equivalent if and only if S1 = S according to Definition 8.27 and part
b of the present remark.



Chapter 9

Connection to Le Cam’s
general setup

9.1 Outline of Le Cam’s general setup

9.1.1 Introduction

As stated in Section 8.1, results from Le Cam (1964) and Le Cam (1986) can be
used in this book because the definitions of precise models !, (generalized) ran-
domizations and sufficiency are in line with L. Le Cam’s definitions. However,
these results are formulated in a very abstract setup. The difficulty in reading
Le Cam (1986) is also mentioned in the review (Strasser, 2008) of (Le Cam,
1986):

“This book is not a text book for beginners. It is rather the mas-
ter’s report on his life’s workshop of research. The author’s style
has been known for many years. From the reader he demands a lot.
The reader has to be a connaisseur of classical statistics and argu-
mentation. He must enjoy mathematics of any level of abstraction
and sophistication. He must be willing to do his own proofs if the
author considers them as not worth mentioning, which is not seldom
the case. At the end the reader is rewarded by a host of ideas which
is hard to match.”

The bulk of the high level of abstraction comes from the fact that Le Cam
usually does not use the measure theoretic formulation of probability theory
and statistics. The traditional measure theoretic setup is based on a set of
outcomes ) and a o-algebra A on 2; probabilities are modeled by positive,

normalized measures
P: A —-R

Le Cam’s abstract setup dispenses with the sample space (£2,.4) and, conse-
quently, probabilities cannot be defined by measures. Instead probabilities are
defined to be the positive, normalized elements of abstract L-spaces. This pro-
ceeding has some advantages and does essentially not differ from the traditional

Lcalled experiments in Le Cam (1986)

67
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definitions but is on a rather high level of abstraction. Unfortunately, the con-
nections between this abstract setup and the traditional measure theoretic setup
is not explained adequately in Le Cam (1986) — this is the main reason why
Le Cam (1986) is hard to read and why it is not appropriate to become familiar
with L. Le Cam’s seminal ideas and concepts.

So, the present section has two aims: Firstly, it is intended to be a comprehen-
sible introduction in L. Le Cam’s abstract setup for those who wants to become
familiar with it. Secondly, it is shown that the decision theoretic definitions of
the present book are in line with the definitions in Le Cam (1964) and Le Cam
(1986).

Before continuing with the present section, it may me helpful to read (van der
Vaart, 2002, §7 and §8) which is an excellent outline of the abstract setup.
Furthermore, some basics of the theory of vector lattices are needed; these are
recollected in Section 20. An interesting article about the life of L. Le Cam is
(Yang, 2002).

After the above paragraphs which emphasized the difficulties which are con-
nected with the study of Le Cam (1986), the following citation from the review
(Strasser, 2008) of Le Cam (1986) may indicate why this is worthwhile:

“Until now, only a very little part of the author’s work has found
its way into the international research business, and this little part
brought forth cascades of successor papers (on ‘contiguity’, on ‘three
lemmas of LeCam’, on ‘the asymptotic minimax bound’; etc.). The
remaining 95 percent of the book will keep people busy for decades.”

In the beginning of the 20th century, it was a demanding task to find a math-
ematically rigorous way to model probabilities. This task took several decades
and some of the best mathematicians worked on it. Not until 1933, the discov-
ery was published by A.N. Kologorov ? that measure theory is quite suitable to
model probabilities. This was the starting point of the mathematical theory of
probability and statistics. Still in 1929, Bertrand Russell remarked in a lecture:

“Probability is the most important concept in modern science, es-
pecially as nobody has the slightest notion what it means.” 3

In spite of these difficulties, many modern textbooks on probability theory gives
the impression that the measure theoretic formulation of probabilities would
have been obvious. 4 Furthermore, it is hardly explained what the sample space
(©, A) really means. In order to understand why it is possible to dispense with
the sample space in the general setup, it is helpful to recall the meaning of the
sample space at first.

9.1.2 The sample space (2, A)

Usually, a statistical evaluation starts with the fixing of a sample space (2, A).
Here, Q is a set where each element w € €) represents a possible outcome of a

2Kolmogoroff (1933)
3Confer (Bell, 1992, p. 587).
4A nice exception is e.g. Hoffmann-Jgrgensen (1994a).
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random experiment. So each subset A C () represents a whole set of possible
outcomes — such sets A are called events. A is a subset of the power set 22 of Q

A c 2%

Here, A represents the collection of all those events A C € which can be observed
in principle. That is, the events A € A are exactly those events where the
experimenter can decide if it has occurred or not. As an example, assume that
the outcome of an experiment may be any real number w € Q2 =R, e.g.

w = 26.5269725476391073785306636185478 . ..

However, the accuracy of the measurement is usually limited. So, assume for
example that the measuring instrument is accurate up to the second decimal
place. That is, the experimenter can only decide in which interval

(165 —0.005 , 365 +0.005] ,  keZ
the outcome w lies. Therefore, the observable events have the following form

A = U (155 —0.005, {5 +0.005) , KCZ
keK

ie.

A = { U (5 —0.005 , &5 +0.005] ‘ KCZ}

keK

Why is the collection of the observable events A usually assumed to be a o-
algebra? This gets clear by the above interpretation of the events A € A: The
events A € A are all those events where we can decide if they have occurred or
not.

Therefore,

e A and Qe A (9.1)

because we can decide if the impossible event () has occurred (it has not occurred,
of course) and we can decide if the certain event 2 has occurred (it must have
occurred, of course).

Next, we have

Ae A = A e A (9.2)

because, if we can decide if A has occurred, then we can also decide if the
complement A° = Q\ A has occurred:

A has occurred = A€ has not occurred
A has not occurred = A€ has occurred
Furthermore,
Ay, Agy .. An e A = JAreaA (9.3)

k=1
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because, if we can decide for every k € {1,...,n} if Ay has occurred, then we
can decide if |J;_, Ax has occurred:

n
U Ay has occurred if there is at least one Ay which has occurred.
k=1
n
U Ay, has not occurred if none of the Aj has occurred.
k=1

Summing up, (9.1), (9.2) and (9.3) implies that .4 has to be an algebra, at
least. Usually, it is assumed that A is a o-algebra — that is, (9.3) is slightly
strengthened.

The above description of A can also be found in (Hoffmann-Jgrgensen, 1994a,
§6.1). There, A is also called information and the following figurative explana-
tion is given:

“Information can also be described as a net on € such that two out-
comes in a mesh cannot be distinguished by the information avail-
able, but outcomes in two different meshes can. You may think of
such nets as a map. On a world map, it is not possible to distinguish
the Empire State Building and the United Nation Building in New
York City, but a map of New York contains enough information to
distinguish the two sites.” (Hoffmann-Jgrgensen, 1994a, p. 441)

On the one hand, this setup based on sample spaces is rather descriptive but, on
the other hand, it raises some difficulties as has been pointed out by (Le Cam,
1986, §1.1): The set 2 represents the results of the experiments — however, the
choice of the set €2 is usually rather arbitrary. For instance, we have chosen
Q = R in the above example but it would also have been possible to chose a
suitable sample space where (2 = Z. Of course, R and Z are quite different
sets; Z is a discrete, countable set whereas none of this is true for R. In order
to avoid consequences which depend on the choice of €2, it would be better to
dispense with Q2. However, A depends on 2: If we choose 2 = Z, we would get
A =22 So, if we dispense with Q we will also have to dispense with A.

Of course, both choices of (£2,.4) in the above example essentially lead to the
same random variables: That is the sets

Lo(£2,A)

are isomorphic as M-spaces for the different choices of (€2,.4). This M-space
structure (which is preserved by isomorphisms) contains the essential structure
of the sample space. (Le Cam, 1986, p. 3) argues:

“Let us (...) agree that there are certain objects called ‘random
variables’ which have a life of their own in the physical world but
have the property that if ‘measured’ in an experiment they produce
a real number. (...) If two ‘random variables’ can be ‘measured’ in
the same experiment, one obtains two numbers which can be added,
multiplied, etc. One can also take the minimum or mazimum of the
two, multiply them by other real numbers, and so forth.”
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In this way, the experiment should not be represented by (€2,.4) but by the
M-space structure of L (€2,.4). The following paragraph describes how this
can be done.

9.1.3 Dispensing with the sample space

According to the above reasoning, the M-space structure of £.,(€2,.A) contains
the essential information about the sample space. So, we may “forget” any
additional structure of L4 (2,.A) which goes beyond its M-space structure. If
we do this and consider ba((2,.4) as the dual of L, (£2,.4), nothing remains left
from ba(€2, .A) apart from its L-space structure (remember that the dual space of
an M-space is always an L-space; cf. Proposition 20.22a) ). That is, the L-space
structure contains the essential information about the elements of ba(Q,.A).
In terms of L-spaces, the probability charges P € ba({2,.A) are precisely the
normed, positive elements of ba(Q, A) (cf. Section 2) — that is, the probability
charges can completely be identified by the L-space structure of ba(f2,.4)!

If we have a fixed precise model
£ = (Py)oeo C bal(Q,A)

we usually do not have to consider the whole L-space ba(f2,.4) but it is enough
to consider the smallest L-space L C ba({2,.4) which contains our model £ =
(Py)oco - This L-space L is equal to the smallest band in the L-space ba(f2,.A)
which contains & = (Pp)gco. This set L is called L-space of € or L-space
generated by £ and is denoted by

L(€)

in Le Cam (1986).
In classical statistics, & = (Py)gco is a family of probability measures which is
dominated® by some o-finite measure . In this case,

L) c {veba(QA) | dv=fdu, f€Li(QAp}
In addition, assume that s is also dominated® by £. Then,
L&) = {veba(A) | dv=fdu, feLi(QAp} (9.4)

That is, L(E) can be identified with the set of densities L;(Q, A, 1) then. Ex-
amples for this case are

e models (Ps)geo on (Z,2%)
e the model (Py)gco on (R,B) where Py = N (a,b) for every (a,b) =60 € ©
Note that
L&) = ba(,A) (9.5)

is also possible for a suitable chosen model &£ .7

SThat is: u(A) =0, A€ A = Py(A)=0V0ecO
6That is: Pp(A)=0V0€O©, Ac A = pulA)=0
"Choose © = bat (2, A) and Py =6 V€ O.
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So far, we have stated that the L-space structure of L(£) contains all essential
information about £ — that is, it is not important that the elements Py of £
are probability measures on some specific sample space (2,.4) and they may be
defined as elements of any abstract L-space.

Accordingly, L. Le Cam proposes the following definition of experiments — called
precise models in the present book. In order to avoid confusions with the def-
initions given in previous chapters, the definitions given by L. Le Cam in his
general setup carry the prefix “LC”.

Definition 9.1 (Experiment / precise model)

An LC-experiment /precise LC-model indexed by the set © is a family (Py)oco C
L where L is an L-space and Py is a normed (||Py|| = 1), positive (Py > 0) ele-
ment of L for every 6§ € © .

Cf. (Le Cam, 1986, p. 5).

It is clear that every ordinary precise model (according to Chapter 7) is a precise
LC-model

Of course, the question raises if the above definition excessively generalizes the
notion “precise model”. As described below, the answer is: no, essentially not!
Indeed, it is less a generalization then an abstraction.

Since we have lost the sample space (€2,.4) now, we have also lost the random
variables f € L5(€,.A). In order to reintroduce them, we consider the dual
space of L denoted by

L = M

The elements f* € M corresponds to the random variables f € L£o,(9, .A).

For example, let the precise model & = (Py)g consist of probability measures
Py on a sample space (2,.A) such that Py is dominated by a o-finite measure
won (Q, A) for every 6 € ©. Furthermore, assume that p is also dominated by
E. Put L = L(&); according to (9.4), we can identify L(E) with the set of all
u-densities. Next, (Dunford and Schwartz, 1958, Theorem IV.8.5) says that the
dual space

L*=M

is equal to Loo(€2, A, ). More specific, corresponding elements f* € M and
f € Lo(Q, A, ) are related by the identity

F(8) = / F@)Bw) pldw) VP € Ly A p)

That is, in this special case which is quite common in classical statistics, L(E)
is equal to the set of all u-densities and M is equal to the set of all bounded
random variables. The dual space of L = L(€) is called M-space of € or M-space
generated by £ and is denoted by

M = M(E)

in Le Cam (1986). This is indeed an M-space because L(€) is an L-space; cf.
Section 20. The following schema illustrates the relations between the abstract
setup and the traditional concepts:
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bounded random variables Loo(, A, ) 2traction _ ar(g)
o abstraction
p-densities Li(Q,A ) ——— L&)

In order to describe a decision problem now, we need a set ID of possible decisions
t € D and a loss function

OxD — R, (0,t) — Why(t)
In Le Cam’s setup, we have
Wy € T VoeoO
where I' is a set of bounded functions
v: D —-R

which fulfills certain conditions (I' is a so-called uniform lattice; cf. (Le Cam,
1986, 4 and 5)). As a special case, we may simply take

I' = Lo(D,D)
where D is an algebra on D.

Finally, Markov kernels play an important role in decision theory — especially as
randomized decision procedures. Since Le Cam dispenses with sample spaces in
the definition of LC-experiments/ precise LC-models, Markov kernels cannot
be defined. Therefore, Markov kernels are replaced by transitions:

Definition 9.2 Let Ly and Lo be L-spaces. A transition from L; to Lo is a
map
o: L1 — Lo

which is
e linear
e positive: T(u) >0 Vu>0

o normalized: ||T(w)| = ||ull Yp >0

Now, let © be an index set, L an L-space and
& = (Ph)oco C L

a precise LC-model; L(€) denotes the L-space generated by & .

OxD — R, (0,t) — Why(t)
is a loss function where

Wy € T:=L(D,D) VoeO
According to Theorem 2.4, the dual space of ' = L (D, D) is equal to

I'* = ba(D, D)

which is an L-space; cf. Theorem 2.6. With these predefinitions, decision pro-
cedures in the sense of (Le Cam, 1986, §1.3) can be defined:
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Definition 9.3 (LC - decision procedures) A LC-decision procedure (based
on & and taking values in D) is a transition from L(E) to I'*

g L(Z’:) — I
Next, the LC - risk function is defined to be
0 — R, 0 +— (T(Pa)[Wg]

Since I'* = ba(DD, D), we may also write
J(Pg)[Wg] = /Wg(t) Kg(dt) , where Kg = (T(P@) (96)

Instead of (9.6), Le Cam (1986) uses the notation
WgCTPg = U(Pg)[Wg}

How do these definitions fit into the usual setup based on sample spaces? In
order to answer this question, let the precise model & = (Py)geo consist of
probability measures Py on a sample space (€2, .A) such that Py is dominated by
a o-finite measure p on (2, .A) for every 6 € ©. Furthermore, assume that p is
also dominated by £. Put L = L(€) and M = M(E). As stated above, we can
identify

L(E) = Lu(, A, p)

and

M(S) = LOO(Q7A7M)

As usual, (D, D) is a decision space and the loss function is some
(Wo)pco C Loo(D,D) = T
Let 7 be an ordinary (randomized) decision function, i.e. 7 is a Markov kernel
7: OQxD — R, (w,D) — 7,(D)
The Markov kernel 7 defines a transition

o: L&) — ba(D,D) =TI

//h 7, (dt) v(dw) //h ) 7w (dt) p(dw)

for every h € Lo(D, D) and every dv = Bdu, 8 € L1(Q, A, 1) .
Therefore, the risk function is equal to

via

0 — WyoPy = O'(Pg)[We} = /Q-/DWg(t)Tw(dt)Pg(dw)

In this way, LC - decision procedures generalize ordinary (randomized) decision
functions. Again, the question raises if this concept is an excessive generaliza-
tion. In the following, it is explained why the the answer to this question is “no,
essentially not”.
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9.1.4 Concrete representations of the general concepts

Now, it is explained why Le Cam’s definitions are rather abstractions than
generalizations of the ordinary definitions: As a matter of fact, there is always
a suitable measurable space (Z,Bg) and a suitable decision space (ID, D) such
that the L-space

L(&) may be represented by a subset of  ca(Z,By)

the M-space
M(E) may be represented by  C(Z)

and every LC - decision procedure
o may be represented by a Markov kernel 7

Of course, these representations are interesting rather from a theoretical point
of view than from a practical point of view. The reader who is not interested
in such representations may skip this paragraph, which is based on (Le Cam,
1986, p. 12).

In order to find representations, we have to start with M (&). This set M (&) is
the dual space of the L-space L(£). Therefore, it is an M-space with unit (cf.
(Schaefer, 1974, Proposition 9.1)). Next, there is a compact set E such that

M(E) and C(2)

are M-space isomorphic — this is the content of a famous theorem due to S.
Kakutani, M. Krein and S. Krein (cf. (Schaefer, 1974, Theorem 7.4). Note
that this theorem not only states existence but also specifies a concrete isomor-
phism (we may omit the explicit description of this isomorphism here). As a
consequence, M (€) may be represented as C(E) because the M-space structures
of these two sets coincide — remember that the M-space structure contains the
essential information about the random variables. In this way, the elements of
L(&) corresponds to bounded linear functionals on C(Z) and the Daniell-Stone
extension theorem (Dudley, 1989, §4.5) implies that these bounded linear func-
tionals may be represented by bounded signed measures p € ca(E,Bg); Bo
denotes the Baire-o-algebra.

Since I' = L (D, D) is also an M-space with unit, there is a measurable space
(D, D) such that D is compact, D is the Baire-o-algebra and

I=Lyo(D,D) and C(D)

are M-space isomorphic. That is, every loss function (Wpy)gco C Loo(D, D) may
be represented as a loss function

(Wooeo C C(D) =: T
Now, let o : L(E) — I'* be an LC-decision procedure. Its adjoint is a map
L= ME), hw— o()h]

which may be represented as a map

c®) - cE), h (o))
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where ¢ : M(£) — C(Z) and 1 : C(D) — C(D) are M-space isomorphisms.
According to the Daniell-Stone theorem (Dudley, 1989, §4.5) again, there is a
unique bounded signed measure

Tt Loo®D) = R, e nfi] = o(o()[0(h)]) @)

for every x € . That is, the LC-decision procedure ¢ can be represented by
the Markov kernel

7: ExD — R, (z,D) — 7,(D)

by use of the M-space isomorphisms ¢ and ).

9.1.5 Advantages of the abstract setup

Obviously, the abstract setup has the disadvantage that the definitions are
hardly intuitionally understandable and less appropriate for practical purposes.
However, these definitions are very suitable for general theoretical investigations.
As described before, sample spaces represent the observable events and random
variables X : Q — R represent observations. As a matter of fact, different
representations are usually possible for the same situation in the real world.
Unfortunately, fixing a concrete sample space may always artificially generate
problems of a measure theoretic type which are rather meaningless in the real
world.

Accordingly, L. Le Cam argues

“The point is that the above representation is very special and the
usual setup where £ = { Py, 6 € O} is given by probability measures
Py on a o-field carried by a set X' does not insure that the o-field A
or the set X are selected well enough to be able to proceed without
trouble. The abstract framework avoids the troubles caused by X
or similar sets by ignoring them.” (Le Cam, 1986, p. 12)

and (van der Vaart, 2002, p. 662) further explains

“While Le Cam would acknowledge a role for measure theory, his
main objection to the usual way of describing statistical experiments
is that a given practical situation might be describable by many
different types of sample spaces and ‘true’ measures. If one happened
to choose the ‘wrong one’, one might get burdened by technical
problems, for no good reason. Furthermore, any experiment in Le
Cam’s sense can be represented as an experiment in the usual way
if the sample space is chosen appropriately (...).”

9.2 Accordance with Le Cam’s general setup

In the present chapter, it is shown that the decision theoretic definitions of the
present book are in line with the definitions in Le Cam (1964) and Le Cam
(1986).
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To this end, recall from Theorem 2.6 that ba((2,.A) is an L-space. The following
Proposition states that the generalized randomizations (used in the present
book) coincide with the transitions between these L-spaces.

Proposition 9.4 Let 0 and Qs be sets with algebras A, and As respectively.
Then, the generalized randomizations

g . ba(QhAl) — ba(Qz,Ag)
are precisely the transitions from ba(;, A1) to ba(Qs, As) .

Proof: It only remains to show that the two conditions of normalization coin-
cide — i.e.
lull = pu[lo]  Yu >0, pebal@, A

However, this is the content of (2.10). O

Accordingly, the following proposition states that the restricted randomizations
coincide with the finitely supported (T', H) continuous transitions. This is im-
portant in the proof of Theorem 8.8.

Here, we have

Ii=Loo(Q2,4)  and  H:=Loo(Q,41) C (ba(Q,41))"
Then, (I', H) continuity of a transition
o: ba(Q1, A1) — ba(Qs, As)
is defined to be

For every fo € Loo(Qa, As) there is a T(f2) = f1 € Loo(Q1, A1)
such that

o(p)lfz] = mlfi] Y € ba(Q, Ar) (9.7)

by (Le Cam, 1986, p. 6). Furthermore, a transition o : ba(€,.4;) — ba(Q, As2)
is called finitely supported if

there is a fized finite subset Qo C Qo such that for every p; €
ba(21,.41) there are real numbers ag, € R, &g € Qa, such that

op)lfel = Y asfo@2)  Vfr€ Luo(Q,As)  (9.8)

@2€€Q
cf. (Le Cam, 1986, p. 6).

Proposition 9.5 Let 0y and Qy be sets with algebras Ay and As respectively.
Then, the restricted randomizations

g ba(Ql,Al) — ba(QQ,AQ)

are precisely the finitely supported (T'; H) continuous transitions from ba(Qq, A1)
to ba(da,.Az) where

[i=Lo(Q,A42) and  H:=Loo(Q, A1) C (ba(Q,4;))"
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Proof: It is a direct consequence of the definitions and Proposition 9.4 that
every restricted randomization is a finitely supported (I', H) continuous tran-
sition.

Conversely, let
(228 ba(Ql,Al) — ba(QQ,Az)

be a finitely supported (I, H) continuous transition. Then, Proposition 9.4
states that o is a generalized randomization and (9.7) implies that for every
f2 € Loo(Q2, Ag) there is a T'(f2) € Loo(Q1,.A1) such that

o(p)lfe] = p[T(f2)] V1 € ba(2y, Ay) (9.9)

Since T'(f2) is uniquely determined by this equation for every fo € Lo (22,.42),
it is easy to see that the map

T: EOO(QQ,AQ) - L:oo(leAl)a f2 = T(fQ)

has the same properties as in Proposition 8.9b). Then, it follows from Propo-
sition 8.9 that ¢ is an ordinary randomization. That is, there is a finitely
additive Markov kernel

T: QxAy — R, (w1, A2) = 7, (A2)

such that
o)L = [ run(La) o) (9.10)

for every p1 € ba(Q21, A1) and Ay € As .

Next, (9.8) states that, there is a fixed finite subset 5 C € such that the
following is true:

For every wy € €1, there are real numbers oz, (w1) € R, &9 € Qg, such that

(9.10)

o (Ay) = / s (A) 8 (d2n) "2V (800) Tas] =

=) ag,(@)la, (@) = Y ag,(@i)ds(4s)  (9.11)
D265 D2€82

for every Ay € As. Put ag, : 1 — R, wy — ag,(w;) for every @y € Q.

In order to finish the proof, it remains to show that the maps oy, fulfill certain

conditions which are listed in Definition 8.5. To this end, note that

(9.9)

T(Ia,)(w1) =" 0(0w,)[la,) (9-10,9.11)

>z, (w1)ds, (A2) (9.12)
026
for every wy € .

Firstly, fix some ws € Q. Without loss of generality, we can assume that there
is a set Ay € Ay such that

AN Qy = {@} (9.13)
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Otherwise, we can suitably change Q, according to Lemma 22.5. Applying
such a set Ay € As, it follows that

az, 2 ST agydn(As) C2Y T(15) € Loo(00,4)

2

1),

€

and ag,(w1) = T(1z,)(w1) > 0 Vw € Q.
Finally,

9.12
Z Ao, = Z O[&,2(5@2(QQ) (:) T(IQ2) = Iﬂl =1

W2 €2 D265

Le Cam (1986) deals with precise models £ = (Py)pco and F = (Qg)geco - So,
it is enough to consider transitions

o: L&) — L(F)

between the L-spaces L(E) and L(F) generated by £ and F respectively; cf.
Subsection 9.1. Accordingly, Le Cam uses the following definition of equivalence:

Definition 9.6 (LC-equivalence) Two precise models € = (Pp)gco and F =
(Qo)oco are called LC-equivalent, if there are transition

o1 : L&) — L(F) and oy 1 L(F) — L(£)
such that

c1(Py) = Qq and 02(Qe) = Py Voo
Confer (Le Cam, 1986, Definition 2.3.1, p. 19 and Theorem 2.3.2).

In contrast to this setup, we have to deal with large sets (My)geo of precise
models in the theory of imprecise probabilities. So, it is more convenient to deal
with transitions / generalized randomizations

o: ba(X,A) — ba(),B)

between the whole spaces ba(X, A) D L(&) and ba(Y,B) D L(F). However,
this does not change anything. Especially, this has no effect on the definition of
equivalence:

Proposition 9.7 Two precise models € = (Py)gco and F = (Qp)gco are LC-
equivalent if and only if they are equivalent in the sense of Definition 8.13.

Proof: In the setup of the present book, precise models £ and F are defined
to be (certain) subsets of ba(X,.A) and ba(), B) respectively. (X and ) are
sets with algebras A and B respectively.)

Firstly, let £ = (Pp)oco and F = (Qp)oco be LC-equivalent. That is, there

are transitions

g1 ¢ L(E) — L(F) and g2+ L(F) — L(€E)
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such that
5’1(P9) = Qg and 5’2(Q9) =P VO eo

Note that the L-spaces L(€) and L(F) are bands in ba(X,.4) and ba(Y, B)
respectively. According to Lemma 22.4a), &1 and 65 can be extended to tran-
sitions

o1 : ba(X,A) — ba(Y,B) and o2 : ba(Y,B) — ba(X,A)
such that
o1(Pg) =61(P) = Qo and  02(Qp) =52(Qp) = P» VOO

because (Py)oco C L(E) and (Qy)oco C L(F).

Since the transitions oy and o9 are generalized randomizations (cf. Proposition
9.4), it follows that £ and F are equivalent in the sense of Definition 8.13.

In order to prove the converse statement, let £ = (FPy)ogco and F = (Qg)oco
be equivalent in the sense of Definition 8.13.

According to Definition 8.13 and Proposition 9.4, there are transitions
o1 : ba(X,A) — ba(Y,B) and o2 : ba(Y,B) — ba(X,A)
such that
01(Pp) = Qo and 02(Qy) = Py v0ecO
Then, it follows from Lemma 22.4b) that o1 and o3 can be restricted to tran-

sitions

o1 L&) — L(F) and o9+ L(F) — L(&)
such that
G1(Pg) = 01(Pp) = Qo and  G2(Qs) = 02(Qe) = Pp A

That is, £ and F are LC-equivalent. O
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Chapter 10

Introduction

10.1 Outline

In data-based decision theory, uncertainty is frequently modeled by a prior dis-
tribution 7 and a family of distributions of the observations, (Qg)gco . The
prior distribution 7 describes the uncertainty about the states of natures 6 € O,
i.e.: What state of nature 6 will be effectively given? With respect to this (un-
known) true 6, the distribution of the observations describes the uncertainty
about the data which will be observed.

Of course, in practical applications, it is rather unrealistic that precise distribu-
tions m and (Qg)sco are known exactly. Therefore, we allow for a whole set P
of possible precise prior distributions 7 and whole sets My of possible precise
distributions Qg. According to Chapter 7, we have to search for a randomized
decision function 7 which minimizes the twofold upper expectation

sup /@ sup /y / Wo(t)r, (dt) Qo (dy) =(d6)

TEP QoEMy

Unfortunately, a direct solution of this problem is quite often computationally
intractable. However, there are situations where this becomes tractable, namely
in the presence of a so-called least favorable model.

Most of the research concerning least favorable models was encourage by the cel-
ebrated seminal article Huber and Strassen (1973). Huber and Strassen (1973)
deals with hypothesis testing where a (rather special) upper prevision is tested
against another one. In the context of hypothesis testing, least favorable models
are usually called least favorable pairs. Testing between coherent upper previ-
sions is equivalent to testing between their credal sets My and M;. Huber
and Strassen (1973) shows that there is a pair (Qo, Q1) € Mg x My which is
least favorable: That is, testing between )y and @Q; is as hard as testing be-
tween My and M; and, as a consequence, there is an optimal test between Qg
and ;1 which is also an optimal test between My and M;. That way, testing
between M, and M can be done by testing only between @@y and Q1. This
reduces the computational effort substantially. As stated above, it is one of the
most important drawbacks of data-based decision theory (including hypothesis
testing) under imprecise probabilities that the computational effort of direct

82
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solutions is frequently not manageable. Therefore, least favorablility has at-
tracted enormous attention after the publication of Huber and Strassen (1973).
For a review of Huber and Strassen (1973) and the work following Huber and
Strassen (1973), confer Augustin (2002). In quite general data-based decision
theory, where there are n states of nature (instead of two as in hypothesis test-
ing), an analogous question of that one solved by Huber and Strassen (1973)
is: Does there exist a model (Q1,Q2,...,Qn) € My X Ma X -+ x M,, which
is simultaneously least favorable for a set of precise prior distributions'? This
is not always the case but the seminal article Buja (1984) proves a necessary
and sufficient condition for the existence of such simultaneously least favorable
models in case of upper expectations.

Unfortunately, Buja (1984) contains an error which reduces its applicability sig-
nificantly. Section 10.2 highlights the wrong statement, gives a counterexample
and discusses the consequences. The validity of the conclusions in Buja (1984)
can only be guaranteed by adding a restrictive assumption on the involved upper
previsions.

Next, Chapter 11 follows the lines of Buja (1984) - but within the concept of
Walley (1991) which dispenses with o-additivity: While Buja (1984) considers
upper expectations only, we use coherent upper previsions. It is shown that
the same result as in Buja (1984) is possible without any additional assumption
on the involved (coherent) upper previsions. Surprisingly, most of the proofs
are similar to those given in Buja (1984). This demonstrates that, in Buja
(1984), insistence on o-additivity of probabilities happens to be an unnecessary
burden. By ignoring o-additivity, we are in line with Le Cam’s decision theoretic
framework (cf. Le Cam (1964), Le Cam (1986) and Chapter 8) which provides
us with the effective methods developed in Chapter 8. Especially, the use of
generalized randomizations is crucial.

Section 11.1 shows how minimal Bayes risks can be calculated and expressed in
terms of standard models. Section 11.2 contains a generalization of the LeCam-
Blackwell-Sherman-Stein-Theorem. This theorem plays an important role in
Section 11.3 where the analogue to (Buja, 1984, Theorem 8.2) is proven which
characterizes the existence of least favorable models. This is the main theorem
of Chapter 11. Section 11.4 explains how least favorability could be used to
deal with situations where the distribution of the data as well as the prior
is assumed to be imprecise. These results exemplifies that the classical setup
based on Polish spaces and o-additive probability measures frequently leads to
unpleasant — and unnecessary — difficulties.

As a special case, Chapter 12 considers hypothesis testing. Firstly, Section
12.1 explains (and proves) how hypothesis testing fits into the decision theo-
retic framework. This is not entirely trivial in case of imprecise probabilities.
Secondly, the existence of least favorable pairs in case of general coherent upper
previsions is proven in Section 12.3. This result which has already been proven
in Baumann (1968) follows as an easy corollary.

As mentioned above, the following section investigates an error in Buja (1984),
gives a (counter-)example and shows how the proof of the main theorem in Buja
(1984) can be corrected under an additional assumption.

Lor equivalently: for a class of loss functions; cf. Section 11.4.
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10.2 On an error in Buja (1984)

10.2.1 Buja’s statement and a counter-example

Buja (1984) considers upper expectations on Polish spaces as treated in Section
4.3.

Let = be a Polish space with Borel-o-algebra B. Let cal(Z,B) be the set of all

probability measures on (2, B) and let C;,(E) be the Banach space of all bounded
continuous function with norm || - |-

As in Section 4.3, ca® (Z,B) is provided with the relative topology on ca (Z,98)
generated by the C,(Z) - topology on ca(Z,B). This topology is usually called
weak topology on ca® (Z,%). It is the smallest topology on cat(Z,B) so that

caj(ZB) = R P Pl

is continuous for every f € C,(Z). cal(Z,B) provided with the weak topology

is a Polish space. Especially, there is a metric d on cal(Z, %) which induces

the weak topology. Therefore, the weak topology is characterized by sequential
convergence. A sequence (P, )nen in cat(Z,%B) converges weakly to some P €
K(E,B) if and only if

lim Palf] = plf]  VfeCE)

The following statement is contained in (Buja, 1984, Proposition 2.1):

Let P be the structure of an upper expectation P : L, (), B) — R.
Assume that P is tight.

Then, P[f,] \, P[f] for every sequence (f,)nen C Cp(Z) such that
fn \\ f pointwise and f € L (), B).

This is not right as can be seen from the following counterexample:

= = R is a Polish space with Borel-o-Algebra B = B. Put
P= {P € ca®(R,B) ] P([0,1)) = 1} (10.1)

Then, define an upper expectation by

P[f]=sup P[f]  Vf€Lx(R,B)
pPeP

[1] P is the structure of P:
For every P € cal(R,B) with P[f] < P[f] V f € Lo(R,B), it follows that

1 = —P[-Ijp1)] < —P[-Ijp1)] = P([0,1)) < Pllpn] =1

Hence, P € P.
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[2] P is tight:
For ¢ > 0 put K = [0,1]. Then, K is compact in R and

PR\K) =1—inf P(K) =1-1
sup PR\ K) jnf P(K) <e

[3] Put
fn: R = R, 2 a"lgq(x) + [1,0)(z), neEN
Then, (fn)nen C Co(R) and
lim fn(x) = I[l,oo)(x) Ve eR

n—oo

Because of
falz)=2">2" 2= fo(z) Yz e|0,1], VneN
we have f,, \, I[1,00) =: f pointwise.
[4] P[f,]=1V¥n€N:
For every x € [0, 1), the Dirac measure §, is in P. Hence, 1 > f,, implies

P[f] = sup P[I}1,00)] = sup P([l,oo)) =0
PeP PeP

Accordingly, the following statement which is implicitly contained in (Buja,
1984, Proposition 2.1 and 2.2) does not hold:

“Fvery tight structure is weakly compact.”

A counterexample is provided by the following;:

Choose Z =R, B =B and Mg as in (10.1). Then, P is a tight structure of an
upper expectation (cf. [1] and [2]).

Put P, :=61_1/, Vn € N. Then, (P,)nen C P and (P,)nen converges weakly
to 41 in ca® (R, B) because

i Pyl =i £(1- ) = F) = Blf] ¥ € CulR)

However, 01 is not an element of P because 51([0, 1)) = 0. Hence, P is not
weakly closed and, therefore, not weakly compact.

The correct statements have already been given by Theorem 4.15 and Theorem
4.16. These theorems show that the reason for the incorrect statement is a
permutation of assumption a) in Theorem 4.15 and assumption a) in Theorem
4.16. Indeed, these assumptions seem to be nearly the same. The only difference
is that, in Theorem 4.16, it is additionally assumed that the limit f of (f,,)nen
is continuous. This difference really matters as can be seen from the above
counter-example.
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10.2.2 Consequences

In Buja (1984), imprecise models are called “approximate models” and denoted
by (vp)eco. As stated above, each vy is an upper expectation on a Polish
space where the corresponding structures Py have to be compact in the weak
topology on ca“l'. To this end, it is not sufficient to assume tightness of Py as
shown in Section 10.2.1. Weak closedness of Py is another necessary additional
assumption (cf. also Theorem 4.13). Recall that weak closedness of structures

is characterized by Proposition 4.17.

Under this additional assumption, all results of Buja (1984) are valid. However,
the proof of the main theorem, (Buja, 1984, Theorem 8.2), has to be revised:

It seems to be not obvious that an approximate model (vg)pco with weakly
compact structures Py induces an upper standard functional whose correspond-
ing structure is also weakly compact. As a consequence, it does not seem to be
assured yet if the following is true:

“it is possible to construct a standard measure S under s*) which
equals s*) on the cone K” (Buja, 1984, p. 382).

However, it is possible to give a slightly different proof of (Buja, 1984, Theorem
8.2) so that this problem can be ignored. In the following, the notation is
completely adopted from Buja (1984).

Revised proof of (Buja, 1984, Theorem 8.2):
The implication “a)=-b)” is not affected. So, it remains to proof the impli-
cation “a)<Db)”.

Define a linear functional S on the linear space K — KC by
Slky — ko] = s [k1] — 50 [ks]

Additivity of s) on K implies that this definition is independent of the special
representation k1 — ko. Subadditivity of s¢*) on K — K implies

Skl < sWk] Vkek-K (10.2)

Hahn-Banach (Dunford and Schwartz, 1958, Theorem I1.3.10) yields an exten-
sion of S on C(K), so that

Slk] < sM[k]  VkeC(K) (10.3)

So far, the present proof coincides with that one given in Buja (1984). Since it
is not yet assured if s") is compactly generated, we do not apply (Buga, 1984,
Proposition 2.2f)) in the following. (This is the main difference to the proof
given in Buja (1984).)

An application of the Riesz representation theorem (Dunford and Schwartz,
1958, Theorem IV.6.3) yields an extension of S on L (K) (again denoted by
S) which is a probability measure on K.

In contrast to (Buja, 1984, p. 382), we do not state that S would be dominated
by s) on Loo(K). Equation (10.3) is enough to proceed by following the lines
of (Buja, 1984, p. 382) again:
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(10.3) implies [ zpdS = \%I V8 € O. Therefore, S is a standard measure
which determines a unique standard model (Sp)geo so that S is the standard
measure of (Sgp)pco (cf. (Buja, 1984, Section 5)). (Buja, 1984, Theorem 7.1)
and (10.3) implies that (Sp)eco is worst-case-sufficient for (vp)gco. That is,
there is a model (Qg)gco on (I, B) so that Qy < vy on Lo (Y, B), VO € O,

and so that (Sg)gco is sufficient for (Qg)gco. Hence, for all k € K,
sWk] = S[k] < S@D[k] < sM[k]

where the first inequality follows from (Buja, 1984, Corollary 7.2). That is,
(Qo)oco is least favorable on K. O

Since the results in Buja (1984) are still valid under the additional assumption
that the structures have to be weakly closed, the question arises if this additional
assumption is restrictive. The simple example in Section 10.2.1 indicates that,
indeed, this is restrictive. This statement is supported by Proposition 4.17 which
says that a structure is weakly compact if and only if it can be written as

P = {Pecai(E®)| PYI<PI] Vfet(3)}

That is, an upper expectation P whose structure is weakly closed is completely
defined by its values on C,(Z). However, one of the most important special case
of upper expectations are F-probabilities which are defined by their values on
some IC C {I B ‘ B e ‘B} . Hence: Whenever we define an upper expectation also
by its value on at least one set B € B (i.e. by its value on at least one indicator
function), it is not clear if its structure is weakly closed. In consideration of
the simple example in Section 10.2.1, it will usually not be weakly closed. At
least, it may be possible to establish easy conditions on K C {IB | B e ‘B}
which ensure weak closedness of the structure. Proposition 4.23 shows that the
restriction to compact subsets K = B C = in K C {IB ‘ Be %} does not yield
such a sufficient condition.

The following chapter follows the lines of Buja (1984) and proves that essentially
the same result is true if the setup of upper expectations on Polish spaces is
replaced by the more general setup of coherent upper previsions on arbitrary
sample spaces (Y, B) . Essentially, this means that o-additivity is dropped and
that the proofs require some results from Le Cam (1986) as prepared in Chap-
ter 8. Surprisingly, no additional assumption on the involved coherent upper
previsions is needed in order to obtain the analogous results as in Buja (1984)
even though most of the proofs are quite similar. This shows that insistence on
o-additivity is an unnecessary burden in Buja (1984) and that it can, indeed,
be useful to go over to the more general setup of coherent upper prevision.



Chapter 11

Decision problems with n
states of nature

11.1 Minimal Bayes Risks

11.1.1 Introduction

Within the whole Section 11.1, let © = {61,...,60,} be a finite index set with
cardinality n and let 7 be a precise prior distribution on (0,2°), i.e. 7 is a
linear prevision on L. (0,2°). Put 7y := [ Igy].

Let (D, D) be a decision space and (Wp)gco C Loo(D, D) be a loss function

OxD — R, 0,t) — Wy(t)

Finally, let ) be a set with algebra B. The sample space (Y, B) represents the
possible outcomes of an experiment.

A decision procedure is a restricted / ordinary / generalized randomization
o :ba(Y,B) — ba(D,D)

— confer Subsection 8.1.2.
According to Chapter 7, the Bayes risk of an ordinary randomization o €
T0(Y, D) defined by a finitely additive Markov kernel

YxD — R, (y,D) — 1y(D)

via (8.2) is equal to

R ((@)oco0 W) = / sup / / Wa(t) m (dt) Qo (dy) w(d8) =

€O QoEMg

Zﬂ'@ sup an)( 9)

9co QoM

where (Qg)sco is an imprecise model on (), B) and (My)gee is the correspond-
ing family of credal sets. Analogously, the Bayes risk can be defined for every
generalized randomization o € 7 (), D) as

R.((Qp)oco,oW) = > 7 sup o(Qp)(Wo) (11.1)

0cO QOGMG
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— confer Chapter 8.
Therefore, the minimal Bayes risk

ir;fRﬂ((@e)é)e@,a, W) (11.2)

can be calculated over all restricted, ordinary or generalized randomizations
o :ba(Y,B) — ba(D, D). It is shown in the following two subsections that the
above infimum is equal for all of the three types of randomizations. That is,
it does not matter if we also allow for generalized randomizations. Subsection
11.1.2 is concerned with precise models (Qp)gco on (Y, B), Subsection 11.1.3 is
concerned with imprecise models (Qy)sco on (Y, B).

Furthermore, it is shown that the term “minimal Bayes risk” is justified because
the infimum in (11.2) is attained in a generalized ranomization.

The main goal of the present section is to express minimal Bayes risks in terms
of standard measures for precise models (Qp)gco (Theorem 11.4) and in terms
of standard upper previsions for imprecise models (Qg)gco (Theorem 11.7).
Since 7 is a fixed precise prior distribution in the present section, the index is
dropped in R, and the Bayes risk with respect to the fixed 7 is denoted by

R((Qg)oco,a,W).

11.1.2 Precise Models

Let (Qp)gco be a precise model on (), B). According to (11.1), the Bayes risk
of a generalized randomization o € 7 (Y, D) is

R((QG)GGG),(LW) = ZWQ'U(QQ)(WQ) (11.3)

0€©

then. Of course, (11.3) coincides with the usual definition of the Bayes risk if o
is defined by a randomized decision function as in (8.2).

The minimal Bayes risk is the same if we let ¢ vary among the restricted,
ordinary or generalized randomizations:

Proposition 11.1 There is a generalized randomization 6 € T(Y, D) such that

R((Qo)oco,5, W) = UG}I&D)R((QG)%@,@W)

Furthermore,

inf
o’E'Zl'*n(y,]D)) R((QG)QG@v g, W)

coincides for T,(Y,D) = T.(¥,D), = To(Y,D) and = T(),D).

Proof: The definition of the topology of pointwise convergence implies conti-
nuity of the map

o = (0(Qe)[Wa,l,-... 0(Qo,)[Ws,])

and, therefore, continuity of ¢ — R((Qg)eco,0, W).

According to (Denkowski et al., 2003, Theorem 1.3.11), continuity of this
function implies that it attains its minimum in a generalized randomization
¢ € T(Y,D) because 7(Y,D) is compact (Theorem 8.7).

The second statement also follows from continuity of o — R((Qs)gco, o, W)
because 7,.(),D) and 7o(Y, D) are dense in 7 (), D) (Theorem 8.8). O
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Notation 11.2 As in Proposition 11.1, it often does not matter, if we consider
T.(Y,D), To(Y,D) or T(Y,D). These cases are indicated by the use of the
symbol T,(Y, D) . That is

T.(,D) € {T.(¥,D), To(¥,D), T(Y,D)}

The following lemma provides an example for the fact that sufficiency is strongly
connected with the decision theoretic Bayes risk. In Section 11.2, this is strength-
ened in case of imprecise probabilities.

Lemma 11.3 If a precise model (Py)pco on (X, A) is sufficient for the precise
model (Qg)oco on (Y, B), then

inf  R((Ppoco.p,W) < _inf R oW
el D) ((Po)oco, p, W) et D) ((Qo)oco, 0, W)

Proof: There is some 1 € 7(X,Y) so that ¢¥(Py) = Q¢ V6 € ©. Therefore,

inf Zﬂ'go‘ Qo)[Wy] =  inf Zm)a Wg]
ceT (Y,D) bco ceT (Y,D) beo
= f Py)[Wy] > inf (Py)[W,
UG%I(IMD)ZW(UO?/))( ) [We] > peTH(lXD Zﬂep 0) (W)

0coe 0cOe

because c oy € T(X,D) Vo € T(X,D). Finally, Proposition 11.1 implies
that the inequality is valid for any choice of 7.(Y,D) and 7.(X,)Y). O

For the loss function
W.: OxD - R (0,t) — Wy(t)
put

KW): u mf meWg (u) (11.4)
96@

on R™ where t5(u) = ug is the -component of u € R® = R". Note that K (W)
is concave and, therefore, continuous on R™. Hence, the restriction of K(W) on
U is Borel-measurable and bounded. Therefore, S7 [K(W)] is defined well for
the standard measure S” of any precise model F = (Qg)oceo -

Theorem 11.4 Let F = (Qp)oco be a precise model on (¥,B) and ST its
standard measure. Then,

oe’[i*r%fy,lz») R((Qo)oco,0.W) = ST[K(W)]

Proof: According to Theorem 8.28, the standard model (S ) pco 1S equivalent

to F = (Qg)oco. That is (Sef)ee@ and F are mutual sufficient. So, a twofold
application of Lemma 11.3 yields

. o . F
0671:}’1(%;,]])) R(j:a g, W) - pG%KI}Zf;f,D) R((SG )96@) Ps W)

and an application of Lemma 22.6 closes the proof. O
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11.1.3 Imprecise Models

Let (Qg)oco be an imprecise model on (¥,B) with corresponding structures
My, 0 € ©. Let S be the standard upper prevision of (Qp)gco. According to
(11.1), the Bayes risk of a generalized randomization o € 7 (), D) is

R((Qgloco,o W) = Y m- sup o(Qg)(Wp) (11.5)
0cO QGEMG
then. Hence,
R((@O)HG@vaaW) = sup R((Q@)ge@,O’,W) (116)
(Qo)oco€(Mao)oco

These definitions include that we have chosen the I'-minimax optimality crite-
rion which represents a worst case consideration (cf. Chapter 6) — as done in
Huber and Strassen (1973) and Buja (1984).

Now, we can derive the analogs of Proposition 11.1 and Theorem 11.4 in case
of imprecise models:

Proposition 11.5 There is a generalized randomization & € T (Y, D) such that

R((@e)ee& 6-7 W) = o‘E'Zi—I(lg,D) R((@Q)@G@) ag, W)

Furthermore,

inf Q o
o’E'Zl'*n(y,]D)) R((Q0)9607 g, W)

coincides for T.(Y,D) = 7,(Y,D), = 7o(Y,D) and = T(Y,D).

Actually, we want to deal with decision problems where the prior distribution
and the distribution of the observation may be imprecise. This is done in Sec-
tion 11.3 whereas in the present preparatory section, the prior distribution is
assumed to be precise. In case of imprecise prior distributions, Proposition 11.5
is not enough to keep the connection between ordinary and generalized random-
izations. However, it is possible to extend this proposition to imprecise prior
distributions in Section 11.3 (Proposition 11.18).

In order to proof Proposition 11.5, the following important lemma is needed.
Essentially, this is an application of the minimax theorem. For this application,
compactness of the structures My is crucial.

Lemma 11.6

a inf  R((Qy)g,0, W) = sup inf  R((Qg)g,0, W
( ) 0€7-(Y,D) (( 9)9 ) (Qo)e€(Mao)o o€7-(Y.D) (( 9)0 )
b inf  R((Qy)g, o, W) = su inf . R o, W
(b) o€ To(V,D) (@s)s ) (Qo)retMare 7ETOID) (@e)o )
c inf  R((Qy)g,0,W) = su inf . R o, W
(c) oeT(VD) ((Qe)e ) (Qg)ge(%@)g oeT(V.D) ((Qe)e )

Proof:
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(a) According to Theorem 3.5, every credal set My is compact in the Lo, (), B) -
topology on ba(), B). Then, (Dunford and Schwartz, 1958, Lemma V.3.3,
Lemma 1.8.2 and Theorem 1.8.5) imply that [],.q Mo is a compact Haus-
dorff space!l. For every o € 7,(),D) there is some k : Lo(V,B) —
Loo(X,A) so that o(u)[g] = p[k(g)] for every g € Loo(V, B), 1 € ba(), B);
confer (8.1) and Definition 8.5. Hence,

Mo — R, Qo — o(Q)[We]

is continuous for every 6 € © and this implies continuity of the map

(Qo)oco — — Y _ mo(Qa)[Wo] =: T'((Qo)oco,0)
6co
on [[pee My for every o € T.(¥,D). (Qo)o — T'((Qp)o,0) is convex
on [[pee Mo for every o € 7,(¥,D) and ¢ — I'((Qg)g,0) is concave on
7, (Y, D) for every (Qo)oco € [[yce Mo. Then, the minimax theorem (Fan,
1953, Theorem 2) yields

inf  R((Q ,o W) = —  su inf r ,0) =
sedlth ) T @o)oco, . W) et (1) (Q0)0E(Ma)o ((@0)o, )
=— inf su Tr ,0) =
(Qo)oE(Ma)eo aeﬁ(g)),]])) ((Q9)9 )
= sup inf R((Q@)Q,U,W)

(QG)QG(M@)Q JGITT(va)

(b) and (c): Proposition 11.1 and part (a) of the present lemma yield

inf  R((Q o, W) > su inf R Lo, W) =
et o) ((Qg)oco ) (QG)GE(I;V[S)G el o) ((Qo)s )
= sup inf  R((Qg)g,0,W) =

(QG)OG(MQ)Q UETT(yv]D))

@ . _ . B
= f R s 7I/I/ Z f R ; ,W
o (VD) ((Qg)g, 0, W) s o) ((Qg)a, 0, W)

d

Proof of Proposition 11.5: As stated in the proof of Proposition 11.1, the
map o — R((Qp)gco,o, W) is continuous with respect to the topology of
pointwise convergence on 7 (), D) for every precise model (Qg)oco on (Y, B).
Hence, it follows from (11.6) that o — R((Qp)sce,o, W) is lower semicon-
tinuous. According to (Denkowski et al., 2003, Theorem 1.3.11), lower semi-
continuity of this function implies that it attains its minimum in a generalized
randomization & € 7 (Y, D) because 7 (), D) is compact (Theorem 8.7).

The second statement is a direct consequence of Lemma 11.6 (a), Proposition
11.1 and Lemma 11.6 (c). O

Theorem 11.7 Let (Qy)gco be an imprecise model on (Y, B) and S its standard
upper prevision. Then,

Lnt  R(@)oce. . W) = S[K(W)

Proof: This is a direct consequence of Lemma 11.6, Theorem 11.4 and the
definition of the standard upper prevision. O

Lin the n-fold product topology of the Lo (Y, B) - topology
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11.2 A general LeCam-Blackwell-Sherman-Stein-
Theorem

This section contains a generalization of the LeCam-Blackwell-Sherman-Stein-
Theorem. On the one hand, it is needed in the proof of the main theorem of
the present chapter, Theorem 11.12, on the other hand, it is also interesting
of its own because it is a generalization of a family of well-known theorems
which were developed during several decades; cf. e.g. Blackwell (1953), Le Cam
(1964), Heyer (1969) and Buja (1984).

Let © be a finite index set. Let 7 be a prior distribution on (©,2°) so that
Ty 1= 71'[[{3}] > 0 Vo eo (11.7)

Let (Pp)oco be a precise model on (X,.A) and (Q,)sco an imprecise model on
(¥, B) where (Mj)gceo is the corresponding family of credal sets. Let S(F%)¢ be
the standard measure of (Py)gce and S the standard upper prevision of (Qy)sco
on (U,C).

Let ¥ be the set of all functions k € Lo (U, C) such that there is some decision
space (D, D) and a loss function W : (6,t) — Wu(t), (Wa)eco C Loo(D, D)
where k(u) = infrep ) ycq nmoWo(T)19(u) Yu € U.

Since 7 is again a fixed precise prior distribution in the present section, the
index is dropped in R, and the Bayes risk with respect to the fixed 7 is denoted
by R((Q9)9€@7 g, W) .

Theorem 11.8 is the analog to (Buja, 1984, Theorem 7.1) and can also be proven
analogously.

Theorem 11.8 With the above settings and under asumption (11.7), the fol-
lowing statements are equivalent:

(a) (Ps)oco is worst-case-sufficient for (Qy)oco-
(b) SFelelk] < S[k Vkew
(¢c) For every finite decision space (D, D) and every bounded loss function W,

. < . v
peTH(lAfa,D)R((P‘))@G@’p’ W) < UeTle%;’D)R((Qe)eeeﬂ, W)

(d) For every decision space (D, D) and every bounded loss function W,

inf  R((Py)oco.p,W) < inf R((Qp)oco,o,W

e ((Po)oce;p, W) B ((Qp)oce; 0, W)

Proof: The proof has the following structure: (a)<(d), (d)<(c), (d)<(b)
(a)=(d): This is a direct consequence of Lemma 11.3.

(a)<=(d): Put D =Y and ¢o(p) = p Vo € ba(Y,B). Then (d) implies that
for all (gg)oco C Los(V, B),

pETi?)i;}y)R((Pg)a,p, (g96)8) < R((Qg)o:%0,(90)0)
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which may be rewritten as  inf Z o (p(Pg)[gg] —Qy [gg]) <0.

PET(XV) 525
Put T'(p, (96)s) := Y gece mo (P(Po)[g6] — Qplge]). Then,
sup inf T(p,(g0)s) < 0O (11.8)

(g0)oCLoo(V,B) PET(X.Y)

T(X,Y) is compact, p — T'(p,(go)e) is continuous and convex, (gp)oco —
F(p, (99)9) is concave. So, the minimax theorem (Fan, 1953, Theorem 2) and
(11.8) yield

inf sup L(p,(g0)s) < 0
PET(X,Y) (g9)oCLoo(V,B) ( ( ) )

Compactness of 7(X,)) and lower semicontinuity of

p sup I'(p, (g0)0)
(90)0 C Lo (YV,B)

imply the existence of some py € T(X,)) so that

sup  T'(po,(g0)s) < 0O (11.9)
(96)0 CLoo (V,B)

(cf. (Denkowski et al., 2003, Theorem 1.3.11)). Since mp > 0 V0 € O, it
follows from (11.9) that

po(Po)[ge] < Qylge) Vgo € Loo(V,B) VHeO

(d)=(c): This is obvious.
(d)<=(c): Let o : 1 — k*(u) be a restricted randomization from ) to D where
R (w)lg] = u| Y g(t)e]
teD

and D is a finite subset of D. (D,2P) may be regarded as a finite decision
space and o may be regarded as an element of 7 (), D). Then, (c) implies

ﬁeqi?/xf;’D)R((Po)g,ﬁ, W) < R((Qp)o 0, W) (11.10)

Note that this is true for every o € 7,.(), D) . Since every element of 7,.(X, D)
may be regarded as an element of 7,.(X', D), Proposition 11.1 implies

inf  R((P, w) < inf R((F o, W 11.11
pE'Zl’?X,D) (( 9)97[)7 ) = ﬁE%?X,D) (( 9)97p7 ) ( )

Hence, (according to Proposition 11.5)

(11.11),(11.10)

pedthny BP0 W) s il (@l W) =
=L, R )

(d)&(b): This is a direct consequence of Theorem 11.4 and Theorem 11.7. O
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11.3 Least favorable models for n states of na-
ture

Let again the index set © be finite with cardinality n. Let 7 be a prior distribu-
tion on (0, 29) so that my := 7[I(g] > 0 V6 € O. Let (Qy)peco be an imprecise
model on (Y, B) where (Mpy)pco is the corresponding family of structures. Let
(D, D) be a fixed decision space and let W be a set of bounded loss functions

W (0,t) — Wy(t),  (Whleco C Los(D, D)

Definition 11.9 (Qp)oco € (Mp)geco is called least favorable (precise) model
of (Mp)gco for W if

inf R, o, W) = inf R:((Qp)e,0,W) YW
ae7l'r(ly,1D>) ((QG)G 7 ) 06'21'1(137,]1)) ((Qe)e 7 ) ew

That is, the minimal Bayes risk of the imprecise model is attained in the least
favorable model which represents the worst-case. (This justifies the term “least
favorable”.) Remember that our definition of the Bayes risk corresponds to a
worst-case consideration.

We are not primarily interested in a set of loss functions but in a set of prior
distributions. However, a set of prior distributions can always be transformed
into a set of loss functions (cf. Section 11.4).

For precise models F € (Mj)gco, put

®r:={heLoU,C)| ST[h =S[h]}
where S7 is the standard measure of F and S is the standard upper prevision
of (Qg)oeco on (U,C).
Lemma 11.10 ®x is a norm-closed convex cone in Lo (U,C).
Proof: For h € 5 and ¢ € [0,00), S[ch] = cS[h] = cs” [h] = s7[ch].
For hy,hy € Of,
g[hl + hg] < ?[hl] +§[h2] = 8'7:[]7,1] + S'F[hg] = SJ:[hl + hg] < ?[hq + h2]
For (hp)men C @x, limy, ||hm — h|| =0 and h € Lo (U,C),
S[h] < limsup ( S[hm] + S[h — hy]) = limsup s” [h,] = s7[A]

i.e. s7[h] = S[h). m
For every decision function
W (0,t) — Welt), (Wo)oeco C Loo(D,D)
define K(W) as in (11.4):
K(W)= 71_161]%9;_)717(9‘/‘/9(7') Lo

Put
Uy = {KW) | (Wp)g € W} C Loo(U,C)

Ty denotes the smallest norm-closed convex cone in Lo (U,C) which contains
Uyy. Lemma 11.11 is a direct consequence of Theorem 11.4 and Theorem 11.7:
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Lemma 11.11 F € (My)gco is least favorable for W if and only if
STk = S[k] VkeTy
Theorem 11.12 is the analog to (Buja, 1984, Theorem 8.2). It characterizes the
existence of least favorable models in full generality.
Theorem 11.12 With the above settings and under asumption (11.7), the fol-
lowing statements are equivalent:
(a) There is some F := (Qp)oco € (Mp)oco which is least favorable for W.
(b) g[kl + kQ] = g[lﬁ] +§[k2} Vki,ky € \ifw
Proof:
(a)=(b): Statement (a) and Lemma 11.11 imply W¥yy C ®z. According to
Lemma 11.10, ¥y C @ and k1 + ko € &5 Vki, ke € Wyy. Hence, for every
kl, ko € \IJW
g[lﬂ + ko] = Sf[/{il + ko] = S]:[kﬂ + S]:[kz] = ?[lﬁ] +§[k’2]
(a)<=(b): Put S[k] := S[k] Yk € ¥yy and
S[kl - kg] = S[kl] — S[kﬂ = ?[kl] — ?[kg]
for all ki, ks € Uyy. Statement (b) implies that this is defined well. Hence,
S is a linear functional on the vector space lin(¥yy) = W)y — Wyy. For every
k=k —ky € Uy — Uy = lin(Yyy),
S[k‘] = g[kﬁz + k1 — kjg] - g[kg] < ?[k‘g} + ?[lﬁ — kQ} — ?Ufg] = g[k‘}
According to the Hahn-Banach-Theorem ((Dunford and Schwartz, 1958, The-

orem I1.3.10)), S can be extended to a linear functional on L (U,C) (again
denoted by S) so that

S[h) < S[h]  VheLU,C) (11.12)
(11.12) implies, that S[ly] =1 and S[p] = &+ V6 € © (cf. Theorem 8.28).
Then, Sy : h +— S[nigh] defines a precise model (Sp)gce on (U,C). For every
decision space (D, D) and every W : (6,t) — Wy(t), (Wp)g C Loo(D, D),

pG;r(l;D)R((Sg)g,p, W) = S[K(W)] (11.13)

according to Lemma 22.6 and

. - (11.13) o (11.12) _ .
inf  R((Sp)g,p, W) =" S[K(W)] < S[KW)] =
peT (U,D)

= inf . R((éﬁ)eaga W)
€T (Y,D)
according to Theorem 11.7. Hence, Theorem 11.8 implies that (Sp)oco is
worst-case-sufficient for (Qg)oco, i-e. there is some p € T (U, Y) so that Qy :=
p(Sp) € My VO € O. Finally for all W € W,
inf  R((Q, W) = SIK(W)| = S|IK(W)| =
Ll B(@a)o.o W) = S[KW)] = S[K(W)]
(11.13)

inf < inf
pG%I(lu,D)R((Sa)evpvw) < UE}I(lyD)R((Qe)eJ, W)

where the last inequality follows from Lemma 11.3. a
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11.4 Application of Least Favorable Models

Situations where we are faced with one precise prior distribution and a set of loss
functions seem to be of secondary interest. More frequently, we are interested in
situations where we are faced with an imprecise prior and one fixed loss function.
However, the second issue can be treated as a special case of the first one:

Let © be a finite index set with cardinality n and

W (0,6) — We(t),  (Wi)peo C Loo(D,D)

be a loss function. Let (Q4)sco be an imprecise model on (Y, B) where (Mg )gco
is the corresponding family of structures. Let IT be a coherent upper prevision
on L£,,(0,29) ie. TI corresponds to a set of prior distributions P := {77 €
ba(0,2°) | wla] <Ma] Va € Lo(0,29)}.
For some 7 € P, put mg := w[I;93] V6 € ©. Let o be a (generalized) random-
ization. For the prior 7, the Bayes risk is

Re(@)oro W) = Y moo(@)Wo] = — 3 o(@o)lnmeWo] =

0co [USC)
= RO((@9)9707 W(ﬂ—))

where RO((@@)Q, o, (nﬂ'@W@)g) denotes the Bayes risk for the uniform prior 7
defined by 7o[lg] = £ and W) denotes the loss function

W 2 (0,1) — nmgWe(t)

That is every prior can be absorbed in the loss function. So, we can trans-
form the set P of priors 7 into a set W of loss functions (nmgWpy)geco. Next,
Theorem 11.12 yields a necessary and sufficient condition for the existence of a
precise model which is simultaneously least favorable for the set of loss functions
W. We may also say that such a precise model is simultaneously least favorable
for the set of priors P. Note, that assumption (11.7) is fulfilled for the prior
mo[lp] = + so that Theorem 11.12 is always applicable for any set of priors P

Definition 11.13 (Qg)gco € (My)oco is called least favorable (precise) model
of (My)gco for the set of priors P if

inf R, W) = inf R.(@Qp)e.0.W) ¥
e o) ((Qo)g, 0, W) et ) ((Qg)o, 0, W) TeP

According to the preceding paragraphs, we have the following proposition:

Proposition 11.14 (Qg)gco € (My)oco is a least favorable (precise) model of
(Mp)gco for the set of priors P if and only if it is a least favorable (precise)
model of (Mg)eco for the set of loss functions

W = {W™| rePp}
where W(™) denotes the loss function

W 2 (6,1) — nmgWy(t)
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The next theorem shows how least favorable models can be used to deal with
situations where the distribution of the data as well as the prior is assumed to
be imprecise. A decision procedure, i.e. a generalized randomization, is optimal
if it minimizes the upper Bayes risk

Rﬁ((@6>970’ (Wg)g) = :16172 Rﬂ((@&)@am (WG)O)

In case of a precise model (Qp)gco, the upper Bayes risk is

Rﬁ(<Q9)97 a, W) = Slel’]g R‘n’ ((Q@)@a g, W)

Theorem 11.15 If (Qg)eco is a simultancously least favorable model of (Mg)gco
for P, there is a generalized randomization & € T (Y, D) which minimizes

Rﬁ((@a)g,d, W) and also Rﬁ((Qg)g,a, W)
over T(Y,D).

The proof is essentially an application of the following lemma which is based on
the minimax theorem. Again, compactness of the credal set is crucial.

Lemma 11.16

inf e
(a) aeil'rn(y@) RH((QO)HaO', W)

su inf  R.(((Qg)g, 0, W
ep oeT (y.D) ((@)s )

(b) _jnf Be((@o.osW) = sup  inf ~Re((Qo)o.0. W)

© |, _nf | Bu(@)oo.W) = swp it B ((@)o 0, W)

Proof: The three statements (a), (b) and (c¢) are proven simultaneously. There-
fore, let

Z.(y.D) € {T,(¥.D), T(¥,D), T(¥,D)}
be fixed in the following.

Put
I(o,7) = R:((Qg)o,0, W) VoeT.(Y,D), VneP

With respect to the L.(0,2°)-topology on ba(©,2°), the credal set P is
compact (Corollary 3.5) and the map

w e Do) = [ sup o(Qo) Wl n(dd)
O QsEMp
is continuous and concave for every o € 7,(), D). Furthermore,
7.(Y,D) — R, o — T'(o,7)
is convex for every m € P. Then, it follows from (Fan, 1953, Theorem 2) that

inf  sup I'(o,7) = su inf T(o,m 11.14
o€T.(Y.D) weg ( ) Treg o€T. (YD) ( ) ( )

Finally, (a), (b) and (c) follow from (11.14) because

Rﬁ((@@)@,O’,W) = sup Rﬁ((ae)g,a,W) = sup I'(o,m)
TeEP TEP

where P denotes the credal set of II. O
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Proof of Theorem 11.15: Note that the precise model (Qg)geco is a special
case of an imprecise model. Hence, Lemma 11.16 is also applicable for (Qp)sco
instead of (Qp)oco -

Consequently, a twofold application of Lemma 11.16 and simultaneous least
favorability yield

inf Rﬁ((ée)g,a,W) = sup inf RW((@Q)Q,U,W) =

ce€T (Y,D) rep o€T(Y,D)
= su inf  Rr ,o0W) = inf Rx ,o, W 11.15
sup o) ((Qo)o ) . 1((Qo)o ) ( )

Lower semicontinuity of
o — Rg((Qg)o, o, W)

and compactness of 7 (Y, D) ensure existence of some ¢ which minimizes R ((Qg)o, o, W)
(cf. (Denkowski et al., 2003, Theorem 1.3.11)). Additionally,

Re((Qo)o. 5. W) < Ry((Qplo. 6, W) =

. — 11.15
= inf Rﬁ((QQ)Q,U, W) (1115)

inf R w
ot in 7((Qo)o, o, W)

oceT(Y,D)

O

Remark 11.17 It can easily be read off from the above proof that a generalized
randomization & which minimizes R ((Qg)o, o, W) minimizes R ((Qg)g, 0, W),
too. However, the reverse statement will not always be true.? So, it does not
suffice to find a generalized randomization & which minimizes Rﬁ((QG)e, o, W)
It still has to be checked that 6 really minimizes Rg((Qg)o, 0, (Wp)g). Theorem
11.15 only states that there is a generalized randomization which solves both
minimization problems.

Theorem 11.15 is stated in terms of generalized randomization. The following
proposition enables us to formulate this result also in terms of ordinary ran-
domizations.

Proposition 11.18 There is a generalized randomization 6 € T(Y,D) such
that

Rﬁ((@e)ee& 6-7 W) = o‘E'Zi—r(lg,D) Rﬁ((@9)9€@7 g, W)

Furthermore,

inf  R((Q)pee
. R ((Qg)oco, o, W)

coincides for T.(Y,D) = 7,(Y,D), = 7o(Y,D) and = T(Y,D).

Proof: Note that

Rﬁ((@e)%aa W) = sup Rﬂ'((@&)e,av W)

TEP

2In case of hypothesis testing, for example, this follows from (Augustin, 1998, p. 162ff).
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where P denotes the credal set of II. According to the proof of Proposition
11.5, the map

T(va) - Rv g = RW((@9)97Ua W)
is lower semicontinuous for every m € P. This implies that

o = Rﬁ((@0)97U7W) = ilelng((@o)e,mW)

is the supremum of lower semicontinuous functions and, therefore, is also
lower semicontinuous. Next, compactness of 7 (Y, D) ensure existence of some
& which minimizes Rg((Qg)g, o, W) (cf. (Denkowski et al., 2003, Theorem
1.3.11)).

For the proof of the second statement, let

7.(y,D) € {T.(¥,D), T(¥,D), T(¥,D)}
be fixed in the following. Then, Proposition 11.5 and a twofold application of
Lemma 11.16 imply

i f —((O, = i f T Q, ) =
L R ((Qg)o, 0, W) sup ae71’r(ly,]D))R (Qg)o, 0, W)

= su inf  R.((Qp)g,o0,W) = inf  R~((Qy)g, 0, W
,n_eg c€T. (YD) ((Q9)9 ) c€T.(Y,D) H((QQ)@ )
O

Proposition 11.18 is the generalization of Proposition 11.5 for imprecise prior
distributions. As a consequence, it does not matter if we consider ordinary or
generalized randomizations in decision theory where the prior distribution and
the distribution of the data may be imprecise.

So, we can formulate the above theorem also in terms of ordinary randomiza-
tions.

Theorem 11.19 Let (Qp)gco be a simultaneously least favorable model of (Mp)gco
for P and € > 0. Then, there is an ordinary randomization 6o € To(Y,D) such
that

Re((@o)o,50,W) < inf  R((@o)s.o.W) + < (11.16)
and also

T 0 < _inf Ry 11.1

Bi((Qo)o,50,W) < _inf  Ry((Qe)s.0.W) + ¢ (11.17)

Proof: According to Proposition 11.18, there is an ordinary randomization
o € To(Y,D) which fulfills (11.16). Analogously to the proof of Theorem
11.15,

_ _ ~ (11.16) ) _
Rg((Qo)a,60,W) < Ri((Qg)e, 50, W) < inf  Ry((Qg)a,0, W) + &
o€To(Y,D)
Prop. 11.18 . oy
= f R Lo, W =
Sl 1((Qg)o, 0, W) + €
(11.15) .
= f R o, W) +¢e =
L 7((Qo)o, 0, W) + ¢
Prop._11‘18

inf R= o, W) + ¢
et m((Qo)o )
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O



Chapter 12

Statistical hypothesis
testing

12.1 Decision theoretic formulation of hypothe-
sis testing

Let us first consider simple hypothesis testing
P() VS. P1

where Py and P; are probability measures on some measurable space (X, .A).

An A - measurable test is a map ¢ : X — [0, 1] which is measurable with respect
to the o-algebra A4 on X and the Borel-o-algebra on [0, 1], i.e.:

p € Lo(XA), 0< <1

Let
To = {p€Lo(X,A) | 0<p <1}

denote the set of all these tests. Of course, this definition depends on the fixed
(X, A) although it is not made visible in this notation.

A test ¢ is called optimal if it solves the minimization problem

Pi[1 -] = min! veTy, Pyl < a (12.1)
)

where a € [0, 1] is some fixed significance level.

It is well known how this simple hypothesis testing fits into the decision theoretic
framework:

Put © = {0,1} as the set of all states of nature. Then, (P, P;) is a precise
model on (X,.A). Hypothesis testing means to decide if the null hypothesis is
rejected or not. So, the possible decisions are

d=20: do not reject the null hypothesis
d=1: reject the null hypothesis

102
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That is, the decision space is (D, D) = ({0, 1}, 2{0’1}) .
The loss function W is defined by

Wo = Iy, Wi = Ly

where Iy @ D — R is the indicator function. That is, a wrong decision leads
to the loss 1 and a correct decision leads to the loss 0.

Every test ¢ € 7y defines a Markov kernel
XxD — R, (z,D) — Bin(1,¢(z))(D)

Conversely, every Markov kernel 7: X xD — R, (x,D) — 7,(D) defines a
test @ € 7y via

p(r) = .({1}) (12.2)

In this way, the set of all tests 7y corresponds to the set of all ordinary ran-
domizations 7o(X,{0,1}). This justifies the similarity of the notation. Let ¢
be a test and o its corresponding ordinary randomization. Then, it is easy to

see that
12.2)

ol = [ [ Tayon @) "=

and

o) Iy] = /X / Ty (7 (dt)p(dr) “E pfl - ¢

for every p € ba(X,A) .

According to Chapter 7 and Section 8.1, the risk function of an ordinary ran-
domization o defined by a Markov kernel 7 is

{0,1} — R, 0 — o(Py)[Wy] = /X/H)Wg(t)rx(dt)Pg(dx)

Note that
o (Po)[Wo] = /X / Wo(t)r (d6) Po(dz) = Poly]

is the type I error and

Pl = [ [ Wiriapidn) = 1Pl = Al -]
is the type II error of the test ¢ which corresponds to ¢ and 7.
Let m be any prior distribution on © = {0, 1}; put
o = 7[l{0y] and w1 = 7[ly]

According to Chapter 7, an ordinary randomization 6 € 7y (X, {0, 1}) is optimal
if it minimizes the Bayes risk

R ((Po, P1),0,W) = moo(Po)[Wo] + 1 (P1)[Wh]
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Let ¢ € Ty be the test which corresponds to the ordinary randomization o €
’Z[)(X, {0, 1}), then the Bayes risk of o is equal to

Rw((P07P1)7U’W) = ﬂ-OPO[(p} +771P1[1 - (P}

It is well known that the prior m can be chosen so that the the corresponding
decision problem is equivalent to the original testing problem. That is: Testing
problem (12.1) can be solved by solving an appropriate decision problem.

The same is true for hypothesis testing where each hypothesis consists of an
imprecise probability, i.e. a coherent upper prevision; cf. Theorem 12.1. The
present section explaines how this “imprecise testing problem” can be formu-
lated by decision theory. But first of all, we have to take a closer look at the
testing problem.

Now, X is a set and A is an algebra on X and we consider imprecise simple
hypothesis testing

?0 VS. ?1 (123)

where Py and P; are coherent upper previsions on L. (X,.A).
Again,
To = {peLloo(X,A)| 0<p <1}

denotes the set of all A-measurable tests.

A test ¢ is called optimal if it solves the minimization problem

Pil—¢] = min!  peTy, Polg] < a (12.4)
®

where a € [0, 1] is some fixed significance level.

This formulation of the optimization problem is adequate and coincides with
the optimization problem of a testing problem in classical statistics:

Let Mg be the credal set of Py and let M; be the credal set of Py on (X, .A).
Consider testing problem

Moy VS. My (12.5)

This is a common testing problem in classical statistics! where only precise
probabilities are involved. Within this classical setup, a test ¢ is usually called
optimal with respect to the minimax criterion if it solves minimization problem

sup Pi[l —¢] = min! pveTy, sup Ply] < « (12.6)
PreM; ® PoeMo

That is, an optimal test minimizes the maximal type II error. As in Part II,
this is again a worst case consideration. Obviously, minimization problem (12.4)
is equal to minimization problem (12.6). That is, imprecise simple hypothesis
testing (12.3) coincides with the classical testing problem (12.5) and the solution
of (12.3) is an ordinary minimax test.

Lappart from o-additivity, of course
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The standard reference for the classical testing problem (12.5) is Baumann
(1968). The importance of Baumann’s results for testing between imprecise
probabilities in case of F-probabilities was discovered by Augustin (1998); cf.
also Augustin (2002). Furthermore, (Augustin, 1998, §3.1 and p. 121-123) con-
tains a detailed discussion of the connections between F-probabilities and the
classical testing problem (12.5).

In the following, it is explained in detail how imprecise simple hypothesis testing
(12.3) fits into the decision theoretic framework presented in this book:

Again, © = {0,1} is the set of all states of nature, (Pg, P1) is an imprecise
model on (X, .A) and the possible decisions are

d=20: do not reject the null hypothesis
d=1: reject the null hypothesis
That is, the decision space is (D, D) = ({0,1},2{%1}) . The loss function W is

again defined by
Wy = I{l}, Wi, = I{O}

where I3y : D — R is the indicator function.

As stated before, the set of all tests 7y corresponds to the set of all ordinary
randomizations 76(2\?, {0, 1}) and, according to Chapter 7 and Section 8.1, the
risk function of an ordinary randomization o defined by a Markov kernel 7 is

{0,1} — R, 0 — sup o(FPy)[Wp] = sup //Wg(t)fr(dt)Pg(dI)
PypeMy PoeMoy JXx JD
Here,
sup o(Py)[Wy] = sup //Wo(t)Tx(dt)Po(dm) = Poly]
PoeMo PoeMoJx JD

is the type I error and

sup o(P)[Wi] = sup / / Wi (t)7, (dt) Py (dar) = Pi[1 — ]
PreMy PieMy JX JD

is the type II error of the test ¢ which corresponds to o and 7.

With the above settings, a randomizations o € 76()(, {0, 1}) is called level-
a-randomization if its corresponding test ¢ € 7 is a level-a-test — that is,
if
sup o(Py)[Wo] < «
PoeMy

As in case of classical simple hypothesis testing we have the following result:

Theorem 12.1 There is a prior w such that the following is true:
A test ¢ with type I error 2

Polp] = a (12.7)

2Equation (12.7) is not a strong assumption because every optimal level-a-test can be
transformed into an optimal test which fulfills (12.7).
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solves testing problem (12.4) if and only if its corresponding randomization &
solves the corresponding decision problem — that is, if it minimizes the Bayes
risk

Re((Po,P1),0,W) = > m- sup o(Pp)[We], o € To(X,{0,1})
{01} PyeMy

The proof of this statement is postponed to the following section where an
analogous result is proven in case of “generalized tests”. These generalized
tests, which are investigated in the following section, are the corresponding
counterpart of generalized randomizations. Theorem 12.1 will follow from the
results of Section 12.2 as an easy corollary.

12.2 Generalized tests

It is well known that there does not need to be an optimal test which solves
testing problem (12.6) i.e. (12.4). However, testing problems can be rewritten
into decision problems, and we already know from Proposition 11.5 that every
decision problem can be solved by a generalized randomization. This is one
reason why generalized tests are introduced in this section. Generalized tests
are the corresponding counterparts of generalized randomization. It is shown
that there is always a generalized level-a-test which is optimal in testing problem
(12.3).

Let X be again a set with algebra A and
To = {p€L(X,A)| 0 < <1}

denote the set of all A-measurable tests. As described in the previous section,
the ordinary randomizations

o ba(X,4) — ba({0,1},21%) &€ Ty(x,{0,1})
correspond to tests ¢ € 7y via

oWyl = wlel,  o(wloy] = pll - V€ ba(X, A)

In the same way, generalized randomizations correspond to “generalized tests”
which can be defined in the following way:

Definition 12.2 A generalized test on (2,.4) is a map
¢: ba(Q,A) — R

which is linear and ¢(P) € [0,1] VP € ba} (9, A).
The elements of Ty are called ordinary test on (£2,.A4) .
tests on (2, .A) is denoted by T .

The set of all generalized

Note that every ordinary test ¢ defines a generalized test ¢ via

¢(n) = ple]  Vp€ba(X, A
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Therefore, we may also write

o(p) :==plp] and Ty C T (12.8)

Generalized randomizations
o : ba(X,A) — ba({0,1},2{%1)), o€ T(X,{0,1})
correspond to tests ¢ € 7 via

oWyl = ow),  oWlloy] = pllx] — (k) V€ ba(X, A)
The dependencies are illustrated by the following picture:

. correspond to . . .
ordinary tests ————— ordinary randomizations

igcncralizc lgcncralizc

. correspond to . . .
generalized tests —— >  generalized randomizations

As in the previous section, we consider the testing problem

PO VS. ﬁl

where each P; is a coherent upper prevision with credal set M; . The (supremal)
type I and type II errors of a generalized test ¢ € 7 may be defined by

type I error: sup ¢(FPo) , type II error: sup 1—¢(Py) (12.9)
PoeMo PreMy

In case of ordinary randomizations these error terms simplify to the ordinary
ones if ¢ is given by an ordinary test. The minimization problem is

sup 1—¢(P1) = min! peT, sup ¢(P) < « (12.10)
PreM; ¢ PoeMo

then.

In addition, the above settlings fit into the decision theoretic formalization of
hypothesis testing described in the previous section. In order to see this, let
again © = {0, 1} be the set of all states of nature and (D, D) = ({0,1},2{1})
the decision space. (Pg, P1) is an imprecise model on (X, .A); the loss function
W is defined by

Wy = I{l}, Wi, = I{O}

Let ¢ € T be a generalized test and o € 7 (X,{0,1}) its corresponding gener-
alized randomization. Then,

sup o(F)[Wo] = sup é(Fo) (12.11)
PoeMo PoeMo

is the type I error and

sup o(P)[Wi] = sup 1—¢(Py) (12.12)
PeM; PreM;
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is the type II error of the generalized test ¢ — just as in case of ordinary tests
in Section 12.1.

The main goal of the rest of the present section is to show that it does not
matter if ordinary or generalized tests are used in testing problem (12.3).

To this end, endow 7 with the topology of pointwise convergence on ba(,.A).
It is the smallest topology so that

7 — R, ¢ — ()

is continuous for every p € ba(Q, A). It is easy to see that this topology cor-
responds to the topology of pointwise convergence on the set of all generalized
randomizations 7 (X, {0,1}):

Let (¢3)seB be a net of generalized tests and ¢ € 7 be another generalized test;
let (03)sep and o be the corresponding generalized randomizations. Then,

of 7 10 if and only if ol ? o
This implies the following theorem which corresponds to Theorem 8.7 and The-
orem 8.8:

Theorem 12.3 7 is compact and Ty is dense in T .

The set of the ordinary level-a-tests in testing problem (12.3) is denoted by

To(a) = {@676’ pfélﬁopom < a}

and the set of the generalized level-a-tests is denoted by

T(o) = {¢€T‘ S ¢(Po) < a}

The following theorem is the analog of Theorem 12.1 in case of generalized tests:

Theorem 12.4 There is a prior m such that the following is true:
A generalized test ¢ with type I error

sup o(Py) = « (12.13)
PoeMy
solves testing problem (12.10) if and only if its corresponding randomization &

solves the corresponding decision problem — that is, if it minimizes the Bayes
risk

RW((?O,ﬁl),a, W) = Z mo - sup o(Py)[We] , o€ ’T(X,{O,l})
9cfo,1} ToEMo

Proof: It follows from Lemma 12.5 below that there is some a € [0,00) such
that

inf sup 1—¢(P) +a-a =
sy pib, 1 OB

= inf ( sup 1—¢(Py) + a- sup ¢(PO)) (12.14)
€T \PreM;y PoeMo
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Let ¢ be a generalized test and o its corresponding generalized randomization.
Then, the above settings imply

sup 1—@(P1) +a- sup ¢(Fy) =
PieM;, PoeMo

= sup o(P)[Wi]) + a- sup o(Py)[Wy] =
PieMy PyeMo

= (1+a)- Z mo - sup o(Py)[Wy] =
0c{0,1y oMo

= (1+a)- R:((Po, P1),0,W) (12.15)

where
a d . 1
= 1 =
o 1+4+a & ! 1+4+a
Let ¢ be a level-a-test which fulfills (12.13) and let & be its corresponding
randomization.

Firstly, asume that ¢ solves testing problem (12.4). Then,

—_ = . (12.15) 1 ~ ~
s P 7P s Uy - P . P, =
R+ ((Po, P1),5,W) 1+a(pls§f41¢( 1) +a Posgﬁorzﬁ( 0))
(12.13) - N
= 1+a(Plsélj€llqj)(P1) + a a) =

1
= inf sup 1 — o(P, —|—a-a) =
T a\oca pob, 17 0F)

(12.14),(12.15) . - B
Ulgg,Rﬂ((POapl)7Ja W)

Conversely, asume that & minimizes the Bayes risk in (12.15). Then,

inf  sup 1—¢(P) = inf sup 1—9¢(P) +a-a—a-«a =
selioy poup 1= 0(P) = i | swp 1-¢(R)

(12.14),(12.15) . - = o
= (1+a) ;ngRﬂ((Po,Pl),U, W) —a-a=
(12.15),(12.13)

= (1+a) - R:((Po,P1),6,W) —a-« = sup 1— ¢(Py)
PreM;y

O

The following lemma can be formulated for ordinary and generalized tests —
recall the notation introduced in (12.8).

Lemma 12.5 In case of

and also in case of
T.=7T. T(a)=T(a)

there is some a € [0,00) such that

inf su 1-9¢(P)) +a-a =
$ET(a) Ple/%ll( i 1))

= inf ( sup (1—9¢(P1)) + a- sup (;S(Po)) (12.16)

€T \PreM, PoeMo
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Proof: In testing problem (12.3), we consider minimization problem

sup 1—¢(P;) = inf! peT., sup ¢(F) <«
PieMy ¢ PoeMy

where ¢ +— supp ¢y, 1-¢(P1) and ¢ +— supp, ¢ vy, ¢(Fo) are convex functions
on 7., and 7, is a convex subset of a real topological vector space.

Then, it follows from Rieder (1994, Theorem B.2.1) that there is some a €
[0, 00) such that

inf su 1—-o(P)) +a-a =
$ET. () pleﬂl( ¢(11))

= jof (m, (etm) £ sy o)) 27
O

The following theorem says that it does not matter whether only ordinary tests
are permitted or generalised tests are also permitted.

Theorem 12.6 The infimal type II error over all generalized level-a-tests co-
incides with the infimal type II error over all ordinary level-a-tests in testing
problem (12.3):

inf sup 1—o¢(P) = inf sup 1 — (P 12.18
¢€T(O‘) Ple./{)/ll ¢( 1) ‘PE/TO(O‘) Ple/r\)/ll SD( 1) ( )

Furthermore, there is always an optimal generalized level-a-test which achieves
the infimum in (12.18).

Equation (12.18) does not easily follow from the fact that 7 is dense in 7. This
is because it is not clear if 7y(«) is dense in 7 («). This problem is avoided in
the following proof by using Lagrange techniques (Lemma 12.5). That way we
turn over to a corresponding decision problem. Due to Proposition 11.5, we al-
ready know that it makes no difference in decision problems whether generalized
randomizations are permitted or not. 3

Proof: Since To(o) C 7T (), it is enough to show

sup 1—¢(P;) > inf sup 1—p(P) Vo eT(a)
PreM;y ‘PG’TO(O‘) PreMy

According to Lemma 12.5, there is a Lagrange multiplier a € [0, c0) so that

inf su 1—p(P)) +a-a =
p€To(a) Ple/I\)/ll( 90( 1))

= inf ( sup (1—(P1)) + a- sup <p(P0)> (12.19)
»€To PieM; PoeMy

Fix any ¢ € 7 («). A suitable convex combination of ¢ and

¢1: ba(Q,A) — R, no= /J'[IQ]

3Though the proof of Theorem 12.6 is very similar to the proof of Theorem 12.1, the
statement of the latter theorem cannot be used here. It would have been possible to formulate
Theorem 12.1 in such a way that Theorem 12.6 was a simple corollary of Theorem 12.1.
However, this has not been done because this would have obscured the real intent of Theorem
12.1.
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yields some ¢ € T(«) so that

sup 1—¢(P;) < sup 1-—9¢(P1), sup ¢(Py) = a  (12.20)
PreM; PreM;, PyeMg

Put the index set ©, the prior 7 and the loss function W as in the proof of
Theorem 12.1. As in (12.15), it follows that

sup (1—¢(P1)) +a- sup ¢(Py) = (1+a) R:((Po,P1),0,W) (12.21)
PreM; PoeMy

for every generalized test ¢ with corresponding generalized randomization o .
Finally,

(12.20) R
sup 1—o(P) > sup 1—o(P) =
PreEM; PieEM;
(12.20) sup (1 — qAS(Pl)) +a- sup QAS(PO) —a-a =
PeM; PoeMg

(12:21) (1+a)~RW((ﬁ0,F1)7&,W) —a-a >
(*) _
> inf  (1+a) R<((Po,P1),0,W) —a-a =

o€To(X,{0,1}

inf ( sup (1—(P1)) +a- sup <p(P0)> —a-a=
veTo PieM;y PyeMg

(12.21)

(1219 inf sup 1 —o(Pr)
WE%(O‘) PreM;

where (x) follows from Proposition 11.5.

In order to prove that the infimum in (12.18) is attained, put Ap, : 7 —
R, ¢+— ¢(FPy). According to Theorem 12.3, 7 («) is compact because

T(a) = ﬂ A;{}([O,a])

PoeMyg
is closed in 7. Compactness of 7 («) and lower semicontinuity of

T(a) = R, ¢ sup 1-9¢(P)
PreM;y

imply that the infimum in (12.18) is attained by some generalized level-a-test;
cf. (Denkowski et al., 2003, Theorem 1.3.11). O

As already stated in the previous section, Theorem 12.1 follows as an easy
corollary now:

Proof of Theorem 12.1: Let ¢ be an ordinary test which fulfills (12.7) and
let  be the prior distribution from Theorem 12.4.
Then, ¢ solves testing problem (12.4) if and only if it solves testing problem
(12.10) according to Theorem 12.6. Next, ¢ solves testing problem (12.10) if
and only if its corresponding randomization ¢ minimizes the Bayes risk

Rﬂ((ﬁo,ﬁl),m W) = Z 7o - sup o(Py)[We] , o€ T(X, {0,1})
0c{0,1y oMo
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(over all generalized randomizations) according to Theorem 12.4. Finally, it
follows from Proposition 11.5 that 6 minimizes the Bayes risk

Re((Po,P1),0,W) = Y m- sup o(Pp)[Wo], o€ T(X,{0,1})
oe{o,1y oMo

(over all generalized randomizations) if and only if it minimizes the Bayes risk

Rﬂ((Po,ﬁl),m W) = Z 7o - sup o(Py)[Wa] , o€ ’2’0(2\,’,{0,1})
PyeMy
0c{0,1}
(over all ordinary randomizations). O

12.3 Least favorable pairs in hypothesis testing

As stated in Section 10.1, the publication of Huber and Strassen (1973) led
to a lot of further research about least favorable pairs. However, a view years
before this seminal paper, the existence of least favorable pairs has already been
shown by Baumann (1968) in a more general setup. The testing problem in this
more general setup mathematically coincides with the imprecise testing problem
(12.3) in Section 12.1 where the hypotheses consist of coherent upper previsions.
As a matter of fact, the following definition of least favorable pairs is only a
reformulation of (Baumann, 1968, Definition 4.8) in terms of coherent upper
previsions. In case of F-probabilities, this has already been done in (Augustin,
1998, §3.3.2).

In the present section, let X’ be a set with algebra A4 and let a € [0, 1] be a fixed
bound on the type I error. Recall that 7y and 7 denotes the set of all ordinary
and generalized tests respectively.

Let Py and P; be coherent upper previsions on £ (X, A) with credal sets M,
and M respectively . In testing problem

?() VS. ?1
the infimal type II error over all level-a-tests is denoted by

B(Mo, My) = inf{PquI\)A Pi[1 — ] ’ v €Ty, Plpl<a VP E./\/lo}
1 eMy

For any Py € My and P; € My, the infimal type II error over all level-a-tests
in testing problem
P() VS. P1

is denoted by
B(Po, Pr) == inf {P1[1 -] | ¢ € To, Rop] <a}

Recall that, according to Theorem 12.6, it does not matter if these infima are
calculated over all ordinary or generalized tests.

Definition 12.7 (Least favorable pairs) Let Mg and My be credal sets of
coherent upper previsions on (£, A) .
(Po, P1) € Mg x My is aleast favorable pair if

B(Mo, My) = B(Py, Pr)
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The following theorem essentially rephrases the main result in Baumann (1968)
and is the analog to (Augustin, 1998, Satz 3.14), which is concerned with (con-
tinuous) F-probabilities. 4

Theorem 12.8 Let My and M be credal sets of coherent upper previsions on
(Q, A). Then, there is a least favorable pair

(150,151) € Mo x My

Now, it is possible to prove this statement by use of the results of the previous
sections. Therefore, this proof is independent of Baumann (1968).

Proof: Let ©, m and W be chosen as in Theorem 12.4. Then, m; > 0. Fur-
thermore, 7 = 0 if and only if a = 0 where a € [0, 00) comes from Lemma 12.5
where 7, =7 .

Let a = 0. Then, for any (Py, P1) € Mg x M1,

0 < AP < Mo, M) Pl sup (1) = 0
1EMy

where (1) follows from Lemma 12.5 for 7, = 7 .> That is, every (P, P1) is a
least favorable pair in case of a = 0.
Now, let a > 0; i.e., mp > 0 V6 € {0,1}.
[1] Firstly, note that
doco +dic1 = doco + dicy, co<¢, 1<0
implies
cp = Co, €1 = C1
for d; € (0,00), ¢; € R, ¢ € R, i € {0,1}.
[2] According to the proof of Lemma 11.6 (a),
(P07 Pl) = RW((PO7 P1)7J7 W)

is continuous on the compact Mg x M; for every o € 7o(X,{0,1}) . Hence,
(Denkowski et al., 2003, Theorem 1.3.11) implies the existence of some
(Po, P1) € Mg x Mj such that
inf  R.((Py,P,),o,W) =
ven B0y T (F0: P 02 W)

= su inf R ((Py, P1),0, W 12.22
PoEMo,IlileMl o€To(X,{0,1}) (( 0 1) ) ( )

According to Theorem 12.6, there is a generalized test (;3’ € 7 (a) which
achieves the infimum in (12.18). A suitable convex combination of ¢’ and

¢1: ba(Q,A) — R, po— plla)

4In (Baumann, 1968, Korollar 5.6), the bound on the type I error may depend on Py € My
while the bound « is a constant here. Therefore, (Baumann, 1968, Korollar 5.6) is slightly
more general than Theorem 12.8.

5Recall from Theorem 12.6 that it does not matter whether 8(Mg, M1) is calculated over
all generalized or ordinary level-a-tests.
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[4]

yields some ¢ € T () so that
sup 1—@(P) < sup 1—o(P1), sup o(Pp) = o (12.23)
PreMy PreMy Pye Mg

That is, ¢ also achieves the infimum in (12.18) and, therefore

sup 1—¢(P1) = B(Mo, My) (12.24)
PreM;

Theorem 12.4 together with Proposition 11.5 implies

sup RW((P07P1),&,W) =
PyeMgy, PLeM;,

A sup  Ra((Po, P1), 0, W 12.25
G€TH(X,{0,1}) PyeMy, PLEM: ((Po, P1) ) ( )

where 6 € T(X,{0,1}) denotes the generalized randomization which cor-

responds to ¢. Next,

Re((P0,P1),5,W) < sup  Ru((Po,P1),5,W) =
PyeMgp, PLEM,

(12.25) )

= inf sup R.((Py, P),0,W) =
o€To(X,{0,1}) PyeM,, PLeM; (( 0, P1) )

Lemma 11.6 .
= sup inf

PyeMg, PreM; 0€To(X,{0,1})

R.n-((ﬁo, pl), g, W)

Rﬂ-((Po,Pl),O', W) =

(12.22) .
= inf
o€To(X,{0,1})

Hence, according to Proposition 11.1,

R.((Py, P1),6,W) = inf R.((Py, P1),0,W 12.26

(B P). 0 W) = ol Br(Fo P o W) (12.26)
and ¢ is also optimal in the decision problem where the imprecise model
(Po, P1) is replaced by the precise model (P, P1). In the following part of
the proof, it is shown, that its corresponding test ¢ also solves the festing
problem where (Py, P1) is replaced by (Pp, P1) — that is,

1- &(151) = ﬂ(fsl,lsz)
The definition of the Bayes risk and

5 B A (12.26) . 5 5 _
R ((Po, P1),5,W) "= Ue%(l/rylf{o,l})RW((PO,Pl),a,W)_

(12.22) .
= su inf R.((Py,P),0,W) =
oMoy PreM; 7€ (X,0,11) ((Fo, P1), 0, W)

Lemma 11.6 .
= inf sup R, ((Py,P),o,W) =
0€T0(X,{0,1}) PyeM,, PLEM; (( o F1) )
(12.25)

= sup R ((Po, Py),5,W) (12.27)
PyeMgy, PLeM;y

imply

Wo&(ﬁo)[WQ] —|—7716'(151)[W1] = T Sup 5’(P0)[W0] + T sup 5’(P1)[W1]
PocMo PreM;
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Hence,

o(Py) "EY s(Bywe) E sup (P[]
PieM;

—~
~

(229 (12.28)

where (1) follows from part [1] of the present proof.

Now, let ¢ € 7y be any ordinary test which is not worse than ¢ in testing
problem

PQ VS. P1
That is,

L—p(P) < 1-(P), o) < a (12.29)

Let o € To(X,{0,1}) be the ordinary randomization which corresponds to
the test ¢ . Then, it follows from (12.11), (12.12) (12.29) and (12.28) that

a(P)WA] < 6(PO)WA],  o(Ro)[Wo] < &(Po)[Wo]  (12.30)
Next, the definition of the Bayes risk imply
R:((Po, P1),0,W) = moo(Po)[Wo] + mia(P)[Wi] <

(12.30) . B ..
< 7T05'(P0)[W0]+7T15’(P1)[W1] = RW((Po,Pl),a',W) <

(12.26) .
S RW((PO7P1)7UaW)

and, therefore,
w00 (Po)[Wo) + mio(P)[Wh] = mo5(Bo)[Wo] + m16(Py)[Wh]
Together with (12.30), this implies
mo(P)[Wi] = ma(P)[Wi]
according to part [1] of the present proof. That is,
1= 3(P) = 1-g(P)

and, therefore, we have shown that

1-¢(P) = B(P1,P) (12.31)
[5] Finally,
B(Pr, P) = 1-¢(P) > e 1—-o(P) “EY B(My, M) >
1€EM1
Z B(PDPQ)

(where the last inequality is a trivial consequence of the definitions) implies
that (Pl, PQ) is a least favorable pair.

d



Part 1V

Natural extensions and the
sample space
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Chapter 13

Introduction

It has been detailedly pointed out in Section 9.1 that sample spaces are math-
ematical constructs and that the choice of a concrete sample space (X,.A) in
a given application is usually rather arbitrary. This is true in classical math-
ematical statistics and decision theory but it gets even more visible in case of
imprecise probabilities. In order to see this, note that coherent upper previsions

are functionals
P: K—-R

which may be defined on any domain K C L. (X, A) where (X, A) is any
sample space. However, in the mathematical evaluation, we are not tied up
with the initial choice of . In fact, it is one of the most pleasant benefits of
the use of imprecise probabilities that we can always extend P in a coherent way
on larger domains® if this is convenient. This is due to the method of natural
extension developed in (Walley, 1991, §3).

The method of natural extension undoubtedly is one of the most important
cornerstones of the whole theory of imprecise probabilities due to P. Walley.
Accordingly, the method of natural extension already plays an important role in
Walley (1991) — the book which originally initiated the research about imprecise
probabilities in large part — and is contained in every survey of the theory
of coherent lower/upper previsions (e.g. Miranda (2008)). Furthermore, the
method of natural extension itself is still a matter of resent research; see e.g.
Pelessoni and Vicig (2005), Miranda and de Cooman (2007) and de Cooman
et al. (2008).

In spite of the significance of the method of natural extension, the generous
use of this method raises two questions which have not been considered so far.
Answering both questions is highly appreciable since satisfactory answers to
these questions are of great importance in oder to justify the use of natural
extensions. The first question is concerned with extensions from /C to the whole
space Lo (X, A), the second question is concerned with extensions of the sample
space (X, .A) to a sample space (X, A’) where A’ D A:

Firstly, let
P: K —-R

L As will be seen in Section 15.2, sometimes, it is even possible to restrict P on a smaller
domain without loosing anything.
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be a coherent upper prevision on any set X C L (X,.A). The reason for the
use of coherent upper previsions instead of linear previsions or precise proba-
bilities is the fact that it is far more realistic to give an upper bound on the
previsions/expectations/probabilities than to precisely specify these quantities
in applications. However, as a matter of fact, the upper prevision P[f] is again a
precise real number and it is suggesting to state that this number P[f] is usually
not precisely known in real applications. So, a practitioner will hardly be able
to decide if P is the “correct” upper prevision or if another upper previson

/

P : K—=>R

is the correct one where

—/

|P[fl-P[fl]] < e Vfek

for some (very) small ¢ > 0. As long as we only deal with elements f of K,
we may hope that this will only have small effects on the results. However,
what happens if we apply the methods of natural extension in order to deal
with functions f ¢ K7 Is the natural extension of P’ still close to the natural
extension of P? The investigations in Chapter 14 show that, unfortunately,
the answer to this question is not affirmativ. Even more, arbitrarily small
changes in P on K can have arbitrarily large effects on its natural extension
in general and, therefore, applying natural extensions may lead to meaningless
results. An example where this happens in given in Section 14.1. Fortunately,
not all is lost. In Section 14.2, it is shown that it can be guaranteed in many
situation that small changes in P on K only have small effects on the natural
extension. Though these results are not fully satisfactory, they show that it
is possible to derive sensible conditions which protect from instable natural
extensions. Hopefully, these initial investigations serve as a starting point for
more sophisticated investigation into this direction.

Secondly, Chapter 15 is concerned with changes of the sample space: Again, let
P: K—R

be a coherent upper prevision on any K C Lo (X, A). Then, P can again be
extended to a coherent upper prevision on the whole sample space (X, .A) so
that we get a coherent upper prevision

P Lo(X,A) — R

However, we are not tied up with this choice of the sample space. Let A’ be an
algebra such that A’ D A. Then, we can still extend P on the larger sample
space (X, A’) so that we get a coherent upper prevision

P Lo(XA) - R

Therefore, it seems to be always possible to arbitrarily chose that algebra which
is most convenient. However, at least in decision theory and, especially in statis-
tics, choosing A or the larger A’ has a fundamental effect on the evaluations.
As can be seen from the decision theoretic definitions in Part II, the choice of
the sample space determines the (randomized) decision functions which may be
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applied in the decision problem. In this way, extending the sample space leads
to a larger set of valid (randomized) decision functions.

Let (Pg)geo be an imprecise model on (X, .A), let W be a loss function and let 7
be an optimal randomized decision function. That is, 7 minimizes the Bayes risk
R((Pg)oco, 7, W) over all randomized decision functions 7 on (X, A). By use
of natural extensions, (Pg)gco turns into an imprecise model on (X, A’). After
that, 7 still is a valid randomized decision function and it is easy to see that its
Bayes risk is not affected by natural extension. However, the important question
raises if optimality gets lost! This is because natural extension increases the set
of all valid randomized decision functions and it is suggesting that there might
be a randomized decision function on (X,.4’) which is better than 7. In this
case, natural extension would turn an optimal randomized decision function into
a suboptimal one. Therefore, it seems to be most adequate to pose the following
definition of optimality:

A randomized decision function is otimal if it minimizes the Bayes
risk over all randomized decision function for any natural extension
of the model.

This definition is not very comfortable because it actually forces to always con-
sider the whole power set of X — and the power set may be too large to be
handled successfully. Especially in case of X = R, this would be very cumber-
some.

Fortunately, the investigations in Chapter 15 show that such a proceeding is not
necessary. In Section 15.1, it is proven that — after applying natural extension —
there is no (randomized) decision function on (X,.4’) which is better than the
best (randomized) decision function on (X,.A). The proof of this result turns
out to be rather involved and heavily relies on the previous investigations in
Part IT and Part III. Especially, it requires the general decision theoretic setup
developed in Chapter 8 on base of L. Le Cam’s work, results from Chapter
11 based on topological properties and an application of the theory of vector
lattices.

Next, it is described in Section 15.2 how the result can also be applied the other
way round: Sometimes it enables to reduce the sample space without loosing
anything because the optimal (randomized) decision function is guaranteed to
live on a smaller sample space.

Part IV closes with an application in Chapter 16 which is based on the answers to
both above questions given in Chapter 14 and Chapter 15. This application lies
in discretizing — a topic which increasingly attracts attention within the theory of
imprecise probabilities; cf. Obermeier and Augustin (2007) and Troffaes (2007b).

In short, this is done as follows: Let (?19)969 be an imprecise model such that

each
/

Py : Lo(X,A) - R

is the natural extension of a coherent upper prevision on a finite subset K C
Loo(X,A"). Firstly, each element of K is discretized such that we get a cor-
responding set K of discrete functions which are close to the elements of K .
Next, it is possible to use K in order to define an imprecise model on a discrete
sample space (X,.A) which is — according to Chapter 14 — close to the original
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imprecise model (?;)969 . Next, it can be shown that — according to Chapter 15
— the solution of the discretized decision problem on (X, .4) is an approximate
solution of the original decision problem on (X, .A’).



Chapter 14

Instability of the natural
extension

14.1 A first example

Usually, the sole use of a simple parametric model consisting of precise proba-
bilities is hardly justifiable in real applications because real data almost never
stem from such a model and, if they would do so, we could not be sure that they
really do. It is a well known fact that small deviations from a precise model can
have large effects on the statistical methods — cf. e.g. Huber (1981). However,
a precise model is usually not precisely true. This is one reason for the use
of imprecise probabilities. Of course, it is far more easy to determine upper
and lower bounds for the probabilities than to determine precise probabilities.
Tough it will not be possible to precisely determine correct upper and lower
bounds, small changes in the upper and lower bounds should only have small
effects in the statistical evaluation. This is usually true but, unfortunately, this
is not always true. Arbitrarily small changes in the upper and lower bounds can
have arbitrarily large effects in some cases. This is because the theory of impre-
cise probabilities commonly uses a method which is potentially most instable —
namely natural extension.

Especially in applications, the method of natural extension is a frequently used
comfortable tool because it enables to define a coherent upper prevision P on
Loo(X,A) or on a subset of L (X,.A) in the following way: An experimenter
determines an upper prevision

P: K-> R

on some subset L C Lo (X, A) of Lo(X,A) and then extends this prevision
to a coherent lower prevision on a larger set — by means of a natural extension,
cf. Chapter 3. For simplicity of notation, we may assume that he extends the
prevision to the whole set Lo (X, A).

In general, such a proceeding can be very instable and may lead to arbitrary
results. To see this, let us consider the following simple example:
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Put X = [0, 1] and let A be the Borel-c-algebra of [0, 1]. Put

fo: [0,1] — R, T =z
and K = {fo}. Furthermore, B
Plfo] =0
and -,
Plfo]=e¢

where 0 < € < 1. Then, the natural extensions are given by

ﬁ[f] = Ssup P[f] vfeﬁoo(XaA)

PeM
and -,
Plfl = sup P'[f] Vfe€Lo(X,A)
P/GM/
where

M = {Pebal (X, A)| Pfo] =0}
M = {P' ebat(X,A)| P'fo] €0,¢]}
For every P € M, it follows from fo > el 1 that

0 = Plfo] > Plelcy] = €P[l.yy] >0 (14.1)
and therefore, P[I[Ejlﬂ = 0. Hence,
Plley] =0
Let 6. be the Dirac measure on . Then 6.[fy] = ¢ implies . € M’ and

1= sup Iq(z) > sup P'[Iq] > 6[Iq] =1

z€[0,1] PeM
Hence,
—
Pllcy] =1
Summing up, we have
_ ) —
Plly] = inf I.y(z), Pyl = sup I q(x)
IE[O,H 16[0,1]

This is, indeed, the worst thing that can happen. The unpleasant message of
this example is:

Determining a coherent upper prevision on some functions K C
Loo(X,A) in a first step and extending the coherent upper previ-
sion (by natural extension) to some functions f € Loo(X,A) in a
second step may lead to arbitrary results: Arbitrarily small changes
of one upper bound

Plfo]
(where fo € K ) may have arbitrarily large effects on the bounds

Plf],  [E€Lx(X,A)
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Note that the above example is not a pathological one: The sample space is a
compact interval in R, the algebra A is the Borel-o-algebra and the coherent
upper prevision on K is a very easy one because K only consists of one element
fo and this fy is a linear function. It would even have made no difference if we
would have taken K to be the linear space

K = {afo]| a € R}
However, the above example, indeed, is somehow special because we have

P[fo] = Plfo]

and this is a precise prevision which is not really what we want in imprecise
probabilities. Nevertheless, the use of such imprecise probabilities where

P[f] = P[f]

at least for some (non-constant) functions f € K is not unusual in applications
of imprecise probabilities.

One might argue that the coherent upper prevision used in the above example
is not a good one and that it is enough to take a short look at it in order to see
this. However, this example is also an extremely simple one and it is hard to
guarantee that such “detecting bad models by a short look at it” still works for
more complicated previsions.

The above example does not show that using natural extensions was indefensible
in real applications but it shows that natural extension should not be used
unthoughtfully.

For applications, it would be desirable to have some guidelines which prevent
practitioners from arbitrary results because of an instable natural extension.
The following section makes a first attempt in this direction but it certainly does
not succeed in giving a final, satisfactory answer. Hopefully, future research will
provide some more insight into this topic.

14.2 Stable imprecise probabilities

The present subsection is concerned with conditions that protect against instable
natural extensions. The example presented in Section 14.1 shows that it does
not seem to be promising to solely put restrictions on K such as “/C should
contain only a small number of functions”, “/C should be a linear space”, “the
functions in K should be continuous/monotone/linear” or something like that.
Instead, it can be seen from Equation (14.1) that Condition

P[fo] = Plfo] (14.2)

is in fact crucial for the instability of the natural extension in the example
presented in Section 14.1. Therefore, it is suggesting to avoid instability of the
natural extension by avoiding (14.2). This is done in the following proposition:
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Proposition 14.1 Let P be a coherent upper prevision on a set K C Loo(X, A)
and let

F o= {fl?"'7fn} c K
be a finite subset of IC.
Let P’ be another coherent upper prevision on IKC such that

/

Plf] = P[f] VfeK\F
and, for some real numbers 0 < e; <1, i€ {l,...,n},
Plf] < Pf] < Plfd+a(PU] - PIAI)  Vie{l...n}  (143)

where P is the coherent lower prevision on K which corresponds to P . 1
Let P, P and P’ also denote the respective natural extensions of P, P and 7
on Loo(X, A). Then, fore:=¢e1+---+¢p:

a) P[f] < Pf] < Plfl+e(supf—Plf]) VfeLolX A

b) If e < 1,
g

(P PIA) V€ LX)
That is, Proposition 14.1 investigates what may happen (or rather what cannot
happen) if some values of a coherent upper prevision P are made slightly larger.
“Slightly” means: a small percentage of P[f] — P[f]. Therefore, P[f] may not
be changed if P[f] = P[f] so that the example in Section 14.1 is excluded. So,
Proposition 14.1 really explains how to avoid instability of the natural extension
by avoiding such bottlenecks (14.2). Nevertheless, modeler will often create

instable coherent upper previsions Py where

Po[fi] = Pylfi]

is very small or equal to zero for some f; € K. Then, it will often be sensible
to turn this potentially most instable coherent upper prevision into a stable one
— not as part of the decision theoretic evaluation but as part of modeling. A
canonical and easy way to do this is as follows: Take any appropriately small
a € (0,1) and use

P, : K — R, f = (1-a)P[f] +asup f (14.4)

instead of Py. It is easy to see that P, is again a coherent upper prevision.
Furthermore, we have

Polfl = Polf] = (1—a)Polf]+asupf — (1-a)Py[f] —ainff >
> afsup f —inf f)

for every f € K. Of course, the above example shows that going over to P,
can massively change the results. But, if this happens, it is so much the better
to go over to P, because it is usually impossible to guaranty that the “true”
coherent upper prevision is certainly equal to Py and does not lie somewhere
between Py and P,. Furthermore, Proposition 14.1 implies that additional
small enlargements of P, will only moderately change the results.

L P[f] = infper P[f] ¥V f € K where M is the credal set of P.
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Proof of Proposition 14.1: Let M denote the credal set of P and M’ denote
the credal set of P’ on Lo (X, A). Note that

M c M hence P[f] > Plf] VfELx(X, A (14.5)

[1] Fix any f € Loo(X,A) and any P’ € M'. For every i € {1,...,n}, there
is a P; € M such that P[f;] = P;[fi] (cf. Corollary 3.5).

e Put Py := P’ and consider the following inductive definitions for ¢ €

{1,...,n}:

—In case of P/_,[fi] < P[f;] (CASE 1), put o;; =0.
—In case of P/_,[fi] > P[f:] (CASE 2), put
o PLIA-PL
" PLAf - Rilfi
Then, put
P = (1-o)P_; + ;P (14.6)

e By induction, we proof in the following that, for every i € {0,...,n},

Pl e M (14.7)
P/f;] < Plf;]  VYje{l....i} (14.8)

and
P'[f] < P/[f] + Za] - P[f]) (14.9)

Obviously, (14.7), (14.8) and (14.9) are fulfilled for ¢ = 0.
Next, let (14.7), (14.8) and (14.9) be fulfilled for s — 1.
— CASE 1: In case of P/_,[fi] < P|fi], we have a; =0, P/ = P!,
and, therefore, (14.7) and (14.8) are fulfilled. In addition, (14.9)
follows because the induction hypothesis implies

P < PLI+ Y (Pl - BlF) <
(14.5) i
< P+ e (PLA-Llf)
j=1

ol

— CASE 2: In case of P/_;[fi] > P[fi], it follows from

PIf] = P < PUL < Pyl S PUl+e(PLAI-PLA)

that

Pilfl[fi]_Pi[fi] N [f] B[ ]
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then. Especially, a; € [0,1]. Next, the definition of P/, (14.5) and
the induction hypothesis immediately imply the validity of (14.7)

for ¢ and
Pi/[fj] < ?[f]} Vj € {15"'vi_1}
Furthermore,
Pifi] = (1—a)P4[fi]+aPB[fi] =
P =Plfl o 1oy, PLalfl =Pl o0
e T R A AT
= ﬁ[fi]

That is, we have proven the validity of (14.7) and (14.8) for i so
far. In order to prove (14.9), note that

PLlfl = P [fl+ (=) P [f] + iPi[f] — i B[ f] =

U@L+ Pl - aaBl] <
" P (P - PLA) <
< Plf)+=(Pf] - Plf)

where the last inequality follows from (14.5) and (14.10). Together
with the induction hypothesis, this implies

P < PLIA+ e (Pl - BU) <

< P+ Y e (PU- 2L

Summing up, we have proven by induction the validity of (14.7), (14.8)
and (14.9) for every i € {1,...,n} so far.

e For i =n, (14.7) and (14.8) imply
P e M
Hence, it follows from (14.9) and the definition of € that
P'lf] < Plf] + ¢ (P'[f] - PIf) (14.11)

[2] Tt is shown in part [1] of the present proof that (14.11) is valid for every
P e M and every f € Loo(X, A). Hence, we have
—

Pf] < Plf] + e (P -Plf]) VfeLo(X A  (14.12)

[3] Now, part a) of Proposition 14.1 follows from

Plf] < Plfl+e- (Plf1-Plf) <
< Plf] + e (supf— P[f) V€ Loo(X,A)
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In case of € = 22‘;1 ¢; < 1 a simple transformation of (14.12) yields

€
1—¢

-/

P[f] < P[fl+

-(PLf] - PLf]) VfeLo(X, A

that is Proposition 14.1b).

Remark 14.2

a) Of course, Proposition 14.1a) can be simplified to the weaker bound

Plf]

/

Pf] < Plf]+e(supf—inff) VfeLo(X,A

IN

b) Proposition 14.1 is only concerned with the case where the coherent up-
per prevision is made slightly larger. This is because Proposition 14.1 has
been derived especially for applications in discretizing and, for this pur-
pose, Proposition 14.1 is indeed suitable; cf. Chapter 16. Nevertheless,
Proposition 14.1 can also be used in order to get a similar version in that
case where the coherent upper prevision is made slightly smaller. This may
simply be done by interchanging the roles of P and =
Now, let P be a coherent upper prevision on KC such that

— _
Pfl = P[f] VfeK\F
and, for every i € {1,...,n},
/

Pl = Pfi] = Plf]—(PIf) - PIf]) (14.13)

Then, for every f € Loo(X,.A)

-/

Plf] > Plf] > Pljl—<(supf —inf[) (14.14)

However, this version is not at all as good as the original one because the
bound in (14.13) is based on

-/

P'[f] = P'[f]

instead of

P[f] - P[f]

Of course, Pl[f] is close to P[f] by assumption but it is not yet assured

that P'[f] is close to P[f]. Ifﬁl[f} — P'[f] happens to be small, then this
version of Proposition 14.1 is useless.

As pointed out in Remark 14.2, the above proposition is only concerned with
the case where the coherent upper prevision is made slightly larger. Though this
is enough for applications in discretizing?, Proposition 14.1 can only serve as
a starting point for more sophisticated examinations of imprecise probabilities
which avoid instable natural extensions.

It would be most desirable to derive a result of the following form:

2¢f. Chapter 16
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Let Py and Pi) be coherent upper previsions on a set K C Lo (X, .A).
Then, for every f € Loo(X,A),

b1(Po, Py, f)) < Plf] P [f] < b2(Po, Py, f)) (14.15)

where P and P denote the natural extensions of Py and ?:) respec-
tively — and b; and by provide some useful nontrivial bounds.

After talking to Matthias Troffaes about this problem at the Fifth Interna-
tional Symposium on Imprecise Probability: Theories and Applications in 2007,
he gave me the hint that such problems have already been treated in linear
programming. The above problem can indeed be formulated in terms of lin-
ear programming or — more general — in terms of convex optimization. Since
the present section deals with (possibly) infinite spaces and linear programming
may only be applied in case of finite spaces, more general convex optimization
is considered now:

Again, let Py and F:) be coherent upper previsions on a set K C Lo (X, A) ; let P

and P’ denote the respective natural extensions. Then, for every f € L, (X, .A),
P[f] is the optimal value of the convex optimization problem

sup P[f], Pchal(X,A), GP)<0 (14.16)
P

where G is the function

G: bal(x,A) — {b:IC—ﬂR‘ sup 1b(fo)l - oo}
foerc |1 foll

which is given by
G(P)[fo] = Plfo] = Polfo) VP ebal(X,A) Vfek
Accordingly, bl [f] is the optimal value of a convex optimization problem

sup P[f], Pebal(X,A), G'(P)<0 (14.17)
P

Now, we can formulate our problem in terms of convex optimization:

In how far are the optimal values in (14.16) and (14.17) similar if

Py and ﬁg are similar?
Answers to this problem are given by the so-called “sensitivity analysis” in
convex optimization — cf. e.g. Luenberger (1969) for general convex optimization
and Chvatal (1983) or Jansen et al. (1997) for linear programming.

Using one the main results of sensitivity analysis in convex optimization?3, we
get the following very general theorem:

Theorem 14.3 Let Py and Fg be coherent upper previsions on a set K C
Loo(X,A). For a fized f € Loo(X,A), let p; be a Lagrange multiplier of the
convex optimization Problem (14.16) and let p’f be a Lagrange multiplier of the
convex optimization Problem (14.17).

P and P’ denote the respective natural extensions of Py and Pz). Then,
— —/ — — —_ —
¢1(Po—Py) < PIfI-PIfl < ¢;(Po—P,)

3(Luenberger, 1969, §8.4)
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Proof: This is a direct consequence of (Luenberger, 1969, §8.4). O

Note that such Lagrange multipliers need not exist. However, Lagrange mul-
tipliers exist under the following assumption; cf. e.g. (Luenberger, 1969, §8.3,
Theorem 1):

Assume that there are P, P’ € bal(X,A)) and ¢, > 0 such
that

Plfol+¢ < Polfe] and  P'lfol+¢ < Pylfo]  (14.18)

for every fy € K.

Apparently, this assumption is very similar to the assumptions in Proposition
14.1. Tt is always fulfilled if IC is finite and

Polfol <Polfol,  Eolfol <Polfel Yok (14.19)
This is the content of the following lemma:

Lemma 14.4 Let Py and ?g be coherent upper previsions on a finite set K C
Loo(X,A) such that (14.19) is fulfilled. Then, condition (14.18) is fulfilled.

Proof: Let M be the credal set of Py. For every f; € K = {f1,..., fa}, there
is a P; € M such that P;[f;] = Py[f:] . Then, put

Pi==3"pF and c= min (Polfi] - Plfi])
j=1

and (14.19) guaranties € > 0.
The same proof applies for ﬁg . O



Chapter 15

Extensions and reductions
of the sample space

15.1 Extension of Algebras and Natural Exten-
sion of Previsions

15.1.1 Description of the problem

As explained in the introductory Chapter 13, the arbitrariness of the choice
of the sample space becomes apparent in particular in the theory of imprecise
probabilities. There, the sample space may always be extended by the method
of natural extension but, e.g. in case of decision theory, it is not obvious if such
extensions does not change the results in a rather arbitrary way:

Let X be a set with algebras A, A’ such that that
Ac A
Let P be a coherent upper prevision on X with domain £, (X, A):
P: Lo(X,A — R

By the method of natural extension, P may be extended to a coherent upper
prevision on X with domain L., (X, A’):

P Leo(x,A) — R
The credal set of P on (X,.A) is denoted by
M = {Pebal(X,A) | P[f] < P[f] VfeLu(X A} (15.1)
and the credal set of P’ on (X, A’) is denoted by
M = {P ebal (X, A)| Pf] <P[f] VfeLlo(X, A} (152

Since such a natural extension of coherent upper previsions is always possible,
it is stated in many articles that

130
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“without loss of generality, we may assume that P is a coherent
upper prevision on the larger domain Lo (X,A")”

where A" commonly happens to be the power set of X'. However, at least in
decision theory, it changes a lot if the sample space is (X, .A) or (X, A’) be-
cause the choice of the sample space determines the valid (randomized) decision
functions.

Let (D, D) be a decision space. In case of the sample space (X,.A), the valid
randomized decision functions are given by the finitely additive Markov kernels

T: XXxD — R, (x,D) — 7,(D)

where the map 7,(D) : x — 7,(D) is assumed to be an element of L (X, .A)
for every D € D.

However, in case of the larger sample space (X,.A"), the valid randomized deci-
sion functions are given by the finitely additive Markov kernels

7 XxD — R, (z,D) — T7.(D)

where the map 7/(D) : « — 7.(D) is only assumed to be an element of the
larger set Loo(X, A’) for every D € D. That is: Extending the sample space
leads to a larger set of valid (randomized) decision functions.

Now, let (Pp)sce be an imprecise model on (X, .A), let
W : oxD — R, (0,t) — Why(t)

be a loss function and let 7 be an optimal randomized decision function. That
is!, in case of the sample space (X, .A), 7 minimizes the Bayes risk R((ﬁg)geg, T, W)
over all randomized decision functions 7 such that 7, € L (X,.A). By use of
natural extensions, (Pg)gce turns into an imprecise model (f;)(;e@ on (X, A).
After that, 7 still is a valid randomized decision function and it is easy to see

that its Bayes risk is not affected by natural extension — i.e.
R((PIQ)9€®7 717 W) = R((Pg)gg@, 727 W)

However, the important question raises if optimality gets lost. This is because
natural extension increases the set of all valid randomized decision functions:
Every finitely additive Markov kernel 7/ such that 7/ € L, (X, A") is a valid
randomized decision function now and it is suggesting that there might be a
randomized decision function on (X,.A") such that

R((?lg)ee@,T/,W) < R((F,e)eee,f', W) (153)

In this case, natural extension would turn an optimal randomized decision func-
tion into a suboptimal one. Since it is one of the fundamental properties of im-
precise probabilities to extend the sample space whenever convenient, it seems
to be most adequate to pose the following definition of optimality:

A randomized decision function is optimal if it minimizes the Bayes
risk over all randomized decision function for any natural extension
of the model.

1cf. Chapter 7



CHAPTER 15. EXTENSIONS AND REDUCTIONS OF THE SAMPLE SPACE132

This definition is not very comfortable because it actually forces to always con-
sider the whole power set of X — and the power set may be too large to be
handled successfully. Especially in case of X = R, this would be very cumber-
some.

Fortunately, such a proceeding is not necessary! This is shown by the main
theorem, Theorem 15.2; of the present section. It states that (15.3) does not
happen:

If 7 minimizes the Bayes risk R((Pg)oco,7,W) over all random-
ized decision functions T such that T, € Loo(X, A), then there is no

natural extension (?'9)96@ of the model and no randomized decision
function 7" on the larger sample space such that

R((Pyloco. ™. W) < R((Pyloce,?, W)

A mathematical rigorous formulation of this theorem is contained in the follow-
ing subsection. Its proof turns out to be rather involved because it requires the
general decision theoretic setup developed in Chapter 8 on base of L. Le Cam’s
work, important topological results from Chapter 11 and a strong result from
the theory of vector lattices 2.

15.1.2 Main results and outline of the proof

Throughout this section, © is any index set, X is a set with algebras A and A’
such that
A c A

Eis a coherent upper prevision on L. (0,2°) with credal set P .
(Pg)geco is an imprecise model on (X, A) where (My)gco is the corresponding

family of credal sets. For every 6 € ©, ﬁ; denotes the natural extension of Pg
on Lo (X, A") and M}, denotes its credal set on (X, A’).
Finally, (D, D) is a decision space and

W: xD — R, (0,t) — Why(t)

is a loss function such that (Wy)geo C Loo(D, D).
Recall from Chapter 6 that the Bayes risk of a randomized decision function 7
on (X, A) is denoted by

Rﬁ((P9)9€®a T, W)

and the Bayes risk of a randomized decision function 7" on (X, A’) is denoted
by
—/
Rﬁ((Pg)ge@, 7-/, W)

The following lemma exposes a simple but important fact:

Lemma 15.1 Every randomized decision function 7 on (X,A) is also a ran-
domized decision function on (X, A") and

Ri((Po)oce, 7, W) = R((Pploco.m, W)

2a Hahn-Banach-type theorem for M-Spaces; cf. Lemma 15.7
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Proof: Let 7 be a randomized decision function on (X, A). Put
TJh] 0 X — R, x — T[h] = /h(t)’]’m(dt)
D
for every h € Lo(D,D) . Since

nIp] € Loo(X,A) C Loo(X, A) V¥DeD

7 is also a randomized decision function on (X,.A4") and

Rﬁ((?;)g€@7T7W) = sup/ sup /Tm[Wg] Py(dx") w(df) =
reP Jo Pjem, Jx

= sup [ Py[nWol] wld) = sup [ Py[rWo]] wit) =

TeP TeP
= Sup/ sup /TI[WQ] Py(dz) w(df) =
TEP JO PoEMg J X

= Rp((Po)oco, T, W)

According to Section 8.1, the randomized decision functions on (X,.A) corre-
spond to the ordinary randomizations from (X, A) to (D, D). So, To(X,D) may
also denote the set of all randomized decision functions on (X, .A). Accord-
ingly, 7 (X, D) may denote the (larger) set of all randomized decision functions
on (X, A).

Now, we can state the main theorem of the present section:
Theorem 15.2 Assume that © is a finite set. Then:

a) [T-minimaz)

. f » P/ /W _ . f - ?/
T/E'ZI—()l;l(X,]I))) RH(( 9)96@77— ) ) TE’}UI%XJD)) RH(( 9)96977—7 W)

Furthermore, a randomized decision function on (X, A) which is I'-minimaz
over all randomized decision functions on (X, A) is also T'-minimaz over
all randomized decision functions on (X, A’).

b) [E-admissibility] Take any 7 € To(X, D) so that there is some m € P where

R ((Pg)oco, 7, W) = TGTiOI%E(VD) R ((Po)sco, 7, W)
Then,
R ((Py)oco, 7, W) = T'e}or'l(fx,n) R, ((Py)oco, ', W)

That is, a randomized decision function on (X, A) which is E-admissible
over all randomized decision functions on (X, A) is also E-admissible over
all randomized decision functions on (X, A’).
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As already stated above, the proof of Theorem 15.2 is rather involved. Never-
theless, it is based on a simple idea, which is presented in the following:

Let T: Loo(X, A) — Loo(X, A) be a map so that
o T is linear
o T ispositive: T(f)>0 Y >0

and so that
o T(f)=f VfeLlo(X A CLo(X,A)

Such a map does not always exist, but for a start, let us assume that such a
map T would exist. Example 15.5 below presents a situation where T exists
and can explicitly be specified. Furthermore, it contains an example where T
cannot exist.

Now, let 7/ be a randomized decision function
7 XxD — R, (z,D) — T7.(D)

such that 7/(D) : = + 7,(D) is an element of Lo (X, A’). By use of T, it is
easy to show, that there is a randomized decision function

T: XxD — R, (x,D) — 7,(D)
such that 7,(D) : =+ 7,(D) is an element of L (X,.A) and
R((Py)oco, W) < R((Pyloco,, W) (15.4)

To this end, note that T defines a finitely additive Markov kernel s in the
following way:

k: XxA — R, (2,A") — k(A" = T(Ia)(2)

Next, put

T: XXxD — R, (z,D) — 1,(D) = /T;/(D) Ky (dz')
X
It is easy to see that 7 is a (finitely additive) Markov kernel 7 : X x D — R
such that
(D) = T(7.(D))(x) Vvee X, VDeD

and, therefore, 7,(D) : © — 7,(D) is an element of L. (X,.A) for every D € D.
Hence, 7 is a randomized decision function on (X, A).

That is, T turns a randomized decision function 7’ on (X, A’) into a randomized
decision function 7 on (X, .A). It only remains to proof that the Bayes risk of
T is not larger than the Bayes risk of 7/ —i.e. (15.4):

Note that

o] = /X /X f'(&') K (da') P(dz) = P[T(f")]

VI eLlLo(X,A), VPecbal(X, A
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leads to a well defined map
p: bal(X,A) — bal(x, A)
such that

implies
p(P)lf] < Pylf ] Vf € Loo(X,A)

In other words, we have
Py e Mg = p(Py) € M, (15.5)

where My denotes the credal set of Py and My, denotes the credal set of ?/9 .
Finally,

sup //We )7 (dt) Py = sup //Wg ) 7o (dt) Py(dx) =
PieM,, PoeMy

= Pgsélf/le/ / / Wo(t) 75, (dt) ke (da') Po(dz) =
= swp [ Walt)ri ) [p(Po)](de') <

PoeMy JD

(15.5)
< sup /We(t)T;f(dt) Py(dz")
PyeM,

implies (15.4). That is, we have already proven Theorem 15.2a) — under the
assumption that the map T exists. Unfortunately, 7" does not need to exist.

Indeed, it is enough to consider A = B as shown by Example 15.5b). Example
15.5a) presents a concrete example where T does exist.

In view of Section 8.1, T defines — if it exists — an ordinary randomization p.
As we will see below, the key result in the proof of Theorem 15.2 is the fact that
a suitable generalization of T' — namely a generalized randomization — always
exists. This is the content of Lemma 15.7 below, which is strongly based on the
theory of vector lattices.

One may wonder if the undesirable assumption that © has to be a finite set in
Theorem 15.2 is necessary. Essentially, this assumption is not necessary but it
makes it possible to formulate Theorem 15.2 in terms of randomized decision
functions (i.e. ordinary decision procedures) which certainly is more comfortable
for most readers. The reader who is in complete accordance with L. Le Cam
and thinks that generalized decision procedures are just as well (cf. also Chapter
9) may dispense with any assumption on ©. This can be seen by the following
Theorem 15.3. In fact, we will use Theorem 15.3 in order to proof Theorem
15.2.

Theorem 15.3 Let © be any index set. Then:
For every generalized decision procedure o’ € T'(X,D), there is a generalized
decision procedure o € T(X,D) such that the risk function of o is not larger
than the risk function of o’ in every 0 € © — i.e.

sup o(Py)[Wy] < sup o (Py)[Wo] V€O
PyeMy PéEMIG
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In accordance with 7o(X', D) and 7 (X, D) from above, 7 (X, D) denotes the set
of all generalized decision procedures in case of the sample space (X,.A) and
7'(X,D) denotes the set of all generalized decision procedures in case of the
sample space (X, .A’). Risk functions for generalized decision procedures have
already been defined in Subsection 8.1.2.

Another possibility to get rid of the assumption that © has to be finite is to
assume that A is finite. This is because the map T always exists if A is finite.
Especially, this case is relevant for discretizations; cf. Chapter 16.

Theorem 15.4 Let O be any index set and let A be finite. Then:

For every randomized decision function 7 € T (X, D), there is a randomized
decision function T € To(X, D) such that the risk function of T is not larger than
the risk function of 7' in every 0 € © — i.e.

sup /X / Wo(t) 7.(dt) Py(dz) < sup /X / Wy (1) 7. (dt) Py(de)

PleM;, PleM,,

for every 6 € ©.

The present subsection closes with the repeatedly mentioned example concern-
ing existence of the map T'. The following subsection is concerned with the
proofs of the above theorems.

Example 15.5

a) Take X =R, A" =B and let A be the o-algebra which is generated by the
sets [k,k+ 1), k € Z. Then,

T: f Zf/(k)l[k,k+1)

kEZ

is a linear, positive map T : Loo(X, A") = Loo(X, A) such that T(f) = f
for every f € Loo(X,A) C Loo(X, A).

b) Take X =R, A=1B and let A’ be the power set of R. Then, such a map
T as in a) cannot exist.

In order to see this, note that Loo(X, A) and Loo(X,A") are M-spaces.
Furthermore, Loo(X, A’) is Dedekind complete. Now, assume that T would
exist and let F C Loo(X,A) be a majorized subset of Loo(X, A) — i.e
Jfo € Lo(X,A) : f < fo VfeF. Hence, F is also a majorized
subset of Loo(X, A") and Dedekind completeness of Loo(X, A") implies the
existence of a supremum h' € Loo(X, A’) of F. Neat, put h = T(h') and
it follows from positivity of T that h is a supremum of F in L (X, A).
As a consequence, existence of T would imply that Lo (X, A) was order
complete, too. However, Lo (X, A) is not order complete.®

3In order to see this, take any B’ C R such that B’ ¢ B = A and put
F={li | =€ B}

F is majorized by fo = 1 Assume that h would be a supremum of F' in Lo (X,B). Then, it
follows that h is an indicator function — i.e., there is a set B € B such that h = Ig. Next,
B’ ¢ B implies B’ C B. Take any z € B\ B’ and put h = I\ (3} € Loo(X,B). Then, hisa

majorant of F' such that h < h. Hence, h is not a supremum.
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15.1.3 Proof of the main result

Let X again be a set with algebras A and A’ such that A C A’. As presented
in the previous subsection, the proof of Theorem 15.2 would be rather clear if

a certain map
T : Loo(XA) = Lo(X,A)

would always exist. Though this is not possible, Lemma 15.7 states that a
suitable generalization of 1" does always exist. Since T' corresponds to an or-
dinary randomization, it is not surprising that the generalization is given by a
generalized randomization. This generalization is called extending transition in
Definition 15.6.

Definition 15.6 A map
p : ba(X,A) — ba(Xx,A)
is called extending transition from A to A’ if
e p is linear
e p is positive: p(pu) >0 Yyu>0
and
p(W)lf] = wlfl  VfELx(X,A), Vu€ba(X,A) (15.6)

It is easy to see that an extending transition is in fact a transition according to
Definition 9.2:
Assertion (15.6) implies that

p(Wllx] = ullx]  Vp e ba(X,A)

and, therefore, p is a generalized randomization from (X, A) to (X, A’) . Accord-
ing to Proposition 9.4, the generalized randomizations from (X, .A) to (X,.A")
are precisely the transitions from ba(X,.A) to ba(X, A").

Furthermore, (15.6) says that p(u) is always an extension of y from A to A’
This justifies the term “extending transition”.

In contrast to T', an extending transition p does always exist:

Lemma 15.7 There is an extending transition
p: ba(X,A) — ba(X,A)

The proof of Lemma 15.7 is strongly based on the theory of vector lattices. For
the theory of vector lattices, confer e.g. Schaefer (1974) and Chapter 20 in the
Appendix.

Proof:

[1] Firstly, it is shown that there is a positive linear operator S : Lo (X, A") —
(ba(X,.A))" so that

S()=A;  VfeLo®.A), S| =1
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where Aflu] = p[f] Vu € ba(X,A) and (ba(X,A))* denotes the dual
space of ba(X, A):

Go := L(X, A) is a Banach sublattice of the Banach lattice G := L, (X, A).
According to (Schaefer, 1974, p. 114), ba(X,.A) is an abstract L-space.
So, it follows from Schaefer (1974, Prop. 5.5 and Prop. 9.1) that E :=
(ba(X,.A))" is an order complete M space with unit.

Note that So : Go — E, f — Ay is a positive linear operator where
[[Sol| = 1. According to Schaefer (1974, Cor. 7.10.3), Sp can be extended
to a positive linear operator S on G such that ||.S|| = ||So|| = 1. Hence, [1].

[2] Next, it is shown that p: ba(X,A) — ba(X,A"), p — p(n) where
p(lf] = Sl VI € Loo(X,A)
is an extending transition:

The properties of S imply that p is a linear, positive operator. Furthermore,
p()[f] = SNkl = So(N)lul = ulfl V€ Loo(X, A), Vi€ ba(X, A)

O

Now, it is possible to proof Theorem 15.3.

Proof of Theorem 15.3: For every generalized randomization ¢’ € 7'(X, D),
put o := ¢’ o p where p is the extending transition from A to A’ according
to Lemma 15.7. Then, o € T (X,D) because p is a generalized randomization

from (X, A) to (X, A"). Fix any 6 € ©. Since ?:9 is the natural extension of
Py, the credal set of P; is given by

My = {Pgebai(X, A) | Fi[f] <Polf] VfE€Lo(X,A)}
according to Proposition 3.2. Therefore, assertion

Py € My = p(Pg) S M/g (15.7)

follows from

p(Po)lf] = Polf]l < Polf]  V[f€Loo(X,A)

Finally,
sup o(Py)[Wy] = sup o’ op(Py)[Wy] = sup o' (p(Py))[Ws] <
PyeMy Poe My Py My
(15.7)
< sup o' (Pp)[We]

PleM;,

Next, Theorem 15.2 is proven by use of Theorem 15.3:

Proof of Theorem 15.2: For every m € P,

mﬁmmngmwgfwm
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is the Bayes risk of a decision procedure ¢’ € 7’(X,D) with respect to the
(precise) prior 7. It follows from Theorem 15.3 and Lemma 15.1 that

inf  Ra((P, W) = inf  R((P, W
0’6’21’1’1(2(7]1))) (( 9)96@705 ) UG%I(IX,D) (( 9)66(—),0', )

Hence, Proposition 11.5 implies

— =
inf R ((P W) = inf R, ((P , T, W 15.8
r'e%(?(x,m) (( 9)969 T ) TGTIOI%X’D) (( 9)969 T ) ( )

for every m € P.
a) Put

D(m,7) = —Rﬂ((ﬁg)eee,T,W) = —ZW({G}) sup 7(Py)[Wp)
9co PoeMo

for every m € P and every T € To(X, D).

Hence, 7 + TI'(m,7) is concave for every 7 € P and P is L(0,2°)-
compact according to Corollary 3.5. Furthermore, m — I'(m, 7) is convex
and L. (0,29) - continuous for every 7 € 7o(X, D). Hence

sup inf I'(m,7) = inf sup I'(w,7
T€To(X,D) TeP ( ) TeP T€To(X,D) ( )

according to Fan (1953, Theorem 1). That is,

inf  sup R, ((P, , T, W) = su inf R, ((P W
T7E€To(X,D) 7r€7P; (( 9)96@ ) ﬂeg reT0(X,D) (( 9)96@ )

An analogous proof for A’ shows

— —
inf  sup R:((Pyleco,™, W) = sup inf R.((Pyeco, ™, W
ity S0 Fix (Podoe ) = 50 35 py Fr(Podoe )

Finally, Part a) follows from the latter equations, (15.8) and Lemma 15.1.
b) This is a direct consequence of (15.8).

Finally, it only remains to proof Theorem 15.4.

Proof of Theorem 15.4: According to Definition 8.4, the randomized deci-
sion functions correspond to ordinary randomizations. Therefore, the proof
may be formulated in terms of ordinary randomizations.

Firstly, we have to show that a map T as discussed in Subsection 15.1.2 exists.

Since A is finite, there is a partition {Ai,...,A4,,} C A of X so that A; #
V5 =1,...,m and so that every A € A is a union of some elements of
{Ai1,..., Ay }. Forevery j =1,...,n, choose any z; € A;. Next, put

T ‘COO(Xa-A/) - LOO(X’A)7 f/ = T(f/) = Zf/(xj>'lz4j

m
j=1
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Obviously, T is linear and positive. In addition,
T(f) = | V[€Lx(X A CLx(X,A)

is fulfilled because every function f € L.,(X,.A) is of form
f:ZajIAJ" al,...,o;, € R
i=1

According to Proposition 8.9, T defines an ordinary randomization
p i ba(X,A) — ba(X,A),  p— p(p)

via p(p)[f'] = p[T(f")] for every f' € Loo(X, A') and p € ba(X, A).

Obviously, p is an extending transition. Therefore, the remaining part of the
proof is very similar to the proof of Theorem 15.3:

For every ordinary randomization 7/ € 73 (X,D), put 7 := 7’ o p. Then, it
follows from Proposition 8.9¢) that 7 € 7o(X, D). Fix any ¢ € © . Since P, is
the natural extension of Py, assertion

Py € My = p(Pg) c M/g (159)
follows from

p(Po)lf] = Polf]l < Polf]  V[f€Loo(X,A)

Finally,
sup o(Py)[Wy] = sup o o p(Pp)[Wp] = sup o (p(Py))[We] <
PyeMgy PoeMy PyeMy
(15.9)
< sup o' (Py)[We]

PleM;,

15.2 Reduction of the sample space

The results given in Subsection 15.1.2 shows that it is not necessary to extend
a decision problem to a larger sample space in order to check optimality of a
decision procedure. In addition, the results offer the opportunity to reduce the
sample space in some cases. In this way, the results may be used to simplify
some decision problems drastically.

In the following, two examples are discussed where this is possible:

Let © be an index set, let X be a set with algebra A’ and let (F;)(;E@ be an
imprecise model on (X, A").
Let II be a coherent upper prevision on L., (0,2°), let (D, D) be a decision
space and

W: 6xD — R, (0,t) — Why(t)
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a loss function.
1. Assume that © is finite and that there is a set K C Lo (X, A’) such that the

credal set of Plo is given by
My = {Py e bai (X, A) | Plf] < Pylf] VfeK}

The task is: Find an optimal randomized decision function 7’ on (X,.A").
So far, this is a standard situation in decision theory under imprecise probabil-
ities. Next, let A be the smallest algebra on X" such that

fE Lo(X,A) Vfek

If K is not too large, A may be considerably smaller than A’. Then, it follows
from Theorem 15.2 that it is enough to consider randomized decision functions
on the smaller sample space (X, A).

For example, assume that K is a finite set of simple functions on (X,.A"). Then,
A is always a finite algebra. Therefore, the infinite sample space (X, .A") may be
reduced to a finite sample space* (X, .A) in this case — and the decision problem
is accessible for methods concerning finite spaces such as linear programming!
Especially, this example applies for discretizations; confer Chapter 16.

2. Now, assume that the credal set of FIO is given by
o = {Poebal(X,A)| Py(C;) <Py(C;) Vje{l,...,m}}

where C1,...,C,, € A", m € N. Of course, this assumption is very restrictive.
However, this is an important model which is frequently used in the theory of
imprecise probabilities.

Then, let A be the smallest (o-)algebra which contains C1, . .., Cy, and it follows
that A is finite. Therefore, Theorem 15.2 applies and we may — without loosing
anything — work with the finite sample space (X,.A4) instead of the (possibly)
infinite sample space (X, .A").

4Finiteness of A implies that the sample space (X,.A) may be considered as a finite one
because, in this case, Loo (X, A) =2 R" for some suitable n € N.



Chapter 16

Application: Discretizations

16.1 The meaning of discretizing in (statistical)
decision theory

Though the theoretical evaluations of Chapter 14 and Chapter 15 both are
independently interesting on its own, together they lead to important tools
in applications. As already mentioned in the introductory Chapter 13, the
results of Chapter 14 and Chapter 15 are the cornerstones of discretization in
applications of (data-based) decision theory.

Discretization is a crucial topic in the theory of imprecise probabilities which
increasingly attracts attention: In 2007, at the Fifth International Symposium
on Imprecise Probability: Theories and Applications — the leading conference
on imprecise probabilities — even two papers were presented which solely are
concerned with discretization in decision theory under imprecise probabilities,
namely Troffaes (2007b) and Obermeier and Augustin (2007). The fundamental
importance of discretization in the theory of imprecise probabilities is explained
in (Obermeier and Augustin, 2007, p. 327):

“Classical statistical models typically are based on parametric, abso-
lutely continuous probability distributions on the real line. Handling
extensions of these models in the imprecise probability framework,
quite often becomes very demanding from the computational point
of view, and then approximative techniques are the best one can
hope for, the more as also in classical statistics many integrals of
less smooth functions can be only obtained numerically. A natu-
ral idea in this context is discretization, in order to make available
powerful algorithms (...) that explicitly rely on finite spaces to
obtain approximate solutions in this generalized setting. However,
such discretizations need some care; for more than hundred years,
since the work of Sheppard (...) [Sheppard (1898)] at the end of the
nineteenth century, statisticians have been well aware that analysis
based on rounded data may be severely biased, and so discretization
by mere rounding or other ad-hoc techniques is a bad advice.”

While Troffaes (2007b) and Obermeier and Augustin (2007) consider decision
theory which is not explicitly data-based, the following evaluation is probably

142
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the first one which deals with discretizations in decision theory (under imprecise
probabilities) which is explicitly data-based. Accordingly, Troffaes (2007b) and
Obermeier and Augustin (2007) consider discretizations of © whereas the fol-
lowing evaluation is mainly concerned with discretizations of the sample space
(X, A"). Discretizing © is a fundamental topic in general decision theory. How-
ever, if we focus on applications in statistics (i.e. in the special case of statistical
decision theory), discretizations of the sample space seem to be even more im-
portant than discretizations of ©:

Most part of statistics is about testing and estimating. In case of testing, dis-
cretizing © is not necessary (because © = {0;1} already is discrete) but dis-
cretizing the sample space is a crucial issue.

In case of estimating, the set of all decisions D is equal to © and choosing de-
cision t = 0 means that our estimation for the true parameter 6 is t = 0. Now,
what does discretizing © mean in this case? For example, take © = [0, 1] and
consider the equidistant discretization

_ 17.(1 27.(2.3]. . (9.
Ho= {0 5] (35 3] (Bl (%11}
Such a discretization changes the set of parameters and precisely means that

we do not want to estimate the true # any more but we want to estimate the
interval

H = (551

which contains the true parameter 6. Accordingly, the set of all decisions is
equal to H now.

In order to explain the meaning of discretizations of O, (Troffaes, 2007b, p. 425)
states:

“(...) we must resort to computers, and these cannot handle gam-
bles on infinite spaces, let alone arbitrary infinite sets of probabili-
ties. Hence, in that case we must approximate our infinite sets by
finite ones. By taking the finite sets sufficiently large, hopefully the
approximation reflects the true result accurately.”

This is true for the setup used in Troffaes (2007b) but it does not apply for
estimating. In Troffaes (2007b), © is discretized but the set of all decisions is
not changed. By discretizing, Troffaes (2007b) wants to approximately solve
the original decision problem. In contrast, if © is discretized in a statistical
estimation problem, not only the parameter space gets coarser but also the
decision space (since the decision space is equal to the parameter space). In
this way, discretizing © implies that also our decision theoretic purpose gets
“coarser”: Now, we do not want to estimate the true 6 but the true “discretized
0”. This is something different. We do not want to approximately solve the
original decision problem now but we do want to exactly solve a coarser decision
problem. So, in a sense, discretizing ©® may be considered rather as part of
modeling than as part of solving an estimation problem.

By discretizing O, an estimating problem gets easier in two aspects:

e Discretizing enables the use of “finite methods” such as linear program-
ming so that the problem gets tractable by computers.!

LOf course, this does not mean that computers are always able to solve the problems within
human time scales. It only means that, in principle, computers can solve such problems.
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e As aside effect, the estimating problem gets easier in the sense that coarser
parameters such as intervals H = ("1—_01 ; %] can be estimated more effi-

ciently than precise parameters such as § € © = [0, 1].

For example, consider the most extreme discretization of ©, namely H =

{©}. Undoubtfully, the only remaining parameter H = © may be esti-

mated in an exceedingly efficient way.

Usually, © is a subset of R or R* so that discretizing © will often lead to a
parameter set which consists of intervals (or hyperrectangle in R¥). This fits
very well into the theory of imprecise probabilities because such interval valued
parameters naturally avoid over-precise estimations. Even statisticians which
do not agree with imprecise probabilities are aware of the fact that estimating
should not be done in an over-precise way. This becomes apparent because
statisticians usually refuse to record the outcome of an estimation with the
highest accuracy computers can provide. Instead, the outcomes of estimations
are “reasonably” rounded and this essentially means that only interval valued
estimations are commonly accepted.

Since the focus of the present book lies on applications in statistics and, there,
discretizing © is often not necessary (testing) or strongly interrelated to model-
ing (estimating), discretizations of © are hardly considered in this book. Instead,
it is often assumed in the following that © already is a finite set. Of course, this
is a restrictive assumption but the above reasoning may justify it at least to
some extend. Subsection 18.1.4 only provides an ad hoc method for discretizing
© in a certain estimation problem if © happens to be not discrete and it would
be desirable to develop more sophisticated methods in the setup of Subsection
18.1.4.

As mentioned above, discretizing the sample space (X, A’) is a crucial issue
in statistical applications. Here, we require indeed that, by “taking the finite
sets sufficiently large, hopefully the approximation reflects the true result ac-
curately.”? And, as already stated in (Obermeier and Augustin, 2007, p. 327),
such discretizations have to be done carefully since simple rounding of the data
may lead to bad results. It is the purpose of the following section to derive a
well justified and practicable method for disrectizing (X, .A") which is based on
the theoretical evaluations of the preceeding chapters.

16.2 A method for discretizing sample spaces

Setup and assumptions:

It is assumed that, for every 6§ € ©, there is a finite subset Kg C Lo (X, A")
such that the credal set of ﬁ; is given by

My = {Pyebal (X, A) | Pylf] <Pylf] VfeKe) (16.1)
Furthermore, it is assumed that
K = U Ko is a finite set (16.2)
6ee

2(Troffaes, 2007b, p. 425)
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Finally, it is assumed, that, for every fixed f € IC, there is a dy > 0 such that

Pylf] - Pylf] > df for every 0 € © where Ky > f (16.3)

Assumption (16.1) is crucial and rather restrictive — nevertheless, such imprecise
models are quite important for practical applications.

The index set © is not assumed to be finite here. Instead, the considerably
weaker Assumption (16.2) is sufficient. Of course, (16.4) is fulfilled if © is finite
but it is also fulfilled if Ky does not depend on 6 € ©.

If © is finite, then Assumption (16.3) coincides with the assumption

Polf) # Pylf]  Vfeko (16.4)

In addition to Assumption (16.1), Assumption (16.4) is not restrictive at all
because Chapter 14 tell us: Using models of form (16.1) which violate (16.4) is
dangerous because these models are potentially most instable. Therefore, those
models which violate (16.4) generally should be avoided anyway. If modeling
led to a coherent upper prevision which violates (16.4), it should be replaced by
a more cautious and stable coherent upper prevision according to (14.4).

For practical applications, it is important that the validity of these assumptions
can easily be checked:

Usually, the validity of (16.1) and (16.2) directly results from modeling: A
practitioner specifies concrete upper previsions for a finite number of functions
f € Lo(X, A') in order to get coherent upper previsions

P, Ky — R, heo (16.5)

Next, these coherent upper previsions are extended on L, (X, .A") by the method
of natural extension and this leads to an imprecise model which fulfills (16.1)
and (16.2).

If © is infinite, then the infinite number of upper previsions in (16.5) has been
specified by analytical arguments and, therefore, the validity of (16.3) has to be
checked also by analytical arguments.

If © is finite, then the following proceeding can be applied:

For every fy € K take a partition {Bj, ..., B} of X and put

k

fo= Z sup f(xz;) - I, Vfek

j=1 r;EB;

For every 6 € © such that Ky > fy, solve the following linear programm:

(—fo(bl), ,—fo(bk)) -p — max (16.6)
where
(F1), oo FR) -0 < Polfl  VfeKo

and
peRF, p; >0 Vje{l,...,k}, pr4+ ... +pr =1
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If the optimal value Iy, ¢ is not larger than ,ﬁ; [f], start again with a finer
partition.
If the optimal values I, ¢ are larger than —Plg [fo] for every 6 € ©, put

dfo = mln{ﬁ;[fo] +lf0,9 ‘ 0eO : Kyg> fo}

Assumption (16.1) is fulfilled, if this procedure ends up with positive numbers
ds, f € K. This is a consequence of the following proposition which states that

ﬁ; [f] + 1y, is a lower bound on ?/9 [f] 1/23[]“] . Of course, the finer partition
{Bi,..., B} is, the better lower bound Py[f] + ls usually is.

Proposition 16.1 For a fized fo € K and a fized 0 € © , let s, ¢ be the optimal
value in the linear program (16.6). Then,

Pylfol + g0 < Pylfol — Phlfo]
Proof: Put
My = {Pyebal (X, A) | Pj[T]<Pylf] VfeKo}

The construction implies that the optimal value [z ¢ in the linear program
(16.6) is equal to

Lo = sup Pe/[_?o]
PleM;

Note that f < f for every f € Kg. Hence, M’e C Mj, and, therefore,

lfoo = sup Pé[—?o] = — inf Pé[?o] < _BQ[?O] < _B/O[fo]
PjeM, PgeM

Proceeding of the discretization

Recall the notation from the previous subsection and assume that (P/e)geg is
an imprecise model on the sample space (X, A’) such that (16.1), (16.2) and
(16.3) are fulfilled. Let fi,..., f, be elements of L (X,.A’) such that

{f17"'7fn} = K = U’CG

0ce
and put Zy := {ie {1,...,n} | fi eng} Vo eOo.
Proceed in the following way for any fixed € € (0,1).

STEP 1: For every i € {1,...,n}, take d; = dy, from (16.3) and put

; —inf f;  —inf f;
P} e N D 2/ AL TS
c-d; /€O JeT, dj

Note that the validity of

Z sup f; — inf f; S .5 SUp fi —inf f;
d; - - d;
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ensures 0 < e; <e < 1. Thereis a M € N such that

M—1§§§M (16.8)
For every i € {1,...,n}, put
(€ I 4 J S . ;
by = inf f; + {;(sup fi — inf f;) vje{0,1,2,..., M}
and Agl) = fi_l([bl(-o), bgl)D and
AP = (0T 0]) e A Wie {2 M) (16.9)
Then, put
M .
s; = sz(»])IAE]’) and note that f; < s; < f; +e:d; (16.10)
=0

Let A be the smallest o-algebra which contains Agj ) for every j € {1,...,M}

and every i € {1,...,n}. Note that there is a finite partition
A, oo A (16.11)

of X such that every element of A is the union of some elements of the partition
A, A

STEP 2: For every 0 € ©, let Q, be the coherent upper prevision on £, (X, .A)
which corresponds to the credal set

No = {Qoebal (X, A) | Qolsi] < Pylfi]+ed; VieTy) (16.12)

Values of @, can be calculated by linear programms. To this end, choose any
xp € Ay for every k € {1,...,r}. Then:
For any f € L (X,.A), consider

(f(xl)a 7f(33r))'q —  max

where -,
(filz), oo filwn)) g < Pylfil+eds Viely

and
geR", @G>0 Vke{l,...,r}, g+ ... +qg =1

The optimal value of this linear program is equal to Q[f].

STEP 3: Instead of the original imprecise model (E,)ge@ on the (infinite) sam-
ple space (X, A’), consider the imprecise model (Qy)gco on the finite sample
space (X, A) and solve the corresponding decision problem.

The following notation is used:
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Notation 16.2 Let (D, D) be a fized decision space and let W be a fized loss
function.

At first, (ﬁé)@eg is our imprecise model on the sample space (X, A’). The task
is to find a randomized decision function on (X, A") which is optimal® over
all randomized decision functions on (X, A"). This decision problem is called
original decision problem.

Let the index set O, the decision space (D, D) and the loss function W remain
unchanged. But, now, let the imprecise model be (Qy)gco on the finite sample
space (X, A) where (Qg)oco and A are constructed by the above discretization
procedure. Then, the task is to find a randomized decision function on (X, .A)
which is optimal over all randomized decision functions on (X, A). This deci-
sion problem is called (e—)discretized decision problem.

Theoretical properties of the discretization method

The theoretical properties of the discretization method presented above are sum-
marized in the following theorem. It implies that the original decision problem
may in fact be approximately solved by the discretized decision problem. For
the optimization criterion I'-minimaxity , this is explicated in Corollary 16.4
below.

Theorem 16.3 Consider the setup of the present section. Then:

a) For every randomized decision function T on (X,.A), the risk function with
respect to the discretized decision problem is approzimately equal to the risk
function with respect to the original decision problem — more precisely:

sup / /We(t) T(dt) Qo(dx) — e(sup Wy —inf Wy) <

QoENy
< pfélﬁ;/x/nw‘)(t)”(dt) Py(dr) <
< Qselgfe/ /We(t)rg;(dt) Qo(dx)

for every 6 € © . Especially, the risk function with respect to the discretized
decision problem is an upper bound for the risk function with respect to
the original decision problem.

b) For every randomized decision function 7' on (X, A"), there is a random-
ized decision function T on (X, A) such that the risk functions of T and 7/
satisfy

sup / / Wo(t) 7. (dt) Qo(da) <

QoENy

sup / /Wg 7 (dt) Py(dz) + e(sup Wy — inf Wy)
PyeMy

for every 0 € ©.

3Here, the word “optimal” depends on the chosen optimization criterion such as T-
minimaxity, E-admissibility, ...
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Proof: For every 0 € O, let @/9 be the natural extension of @, on Lo (X, A’).
Accordingly, Ny denotes the credal set of @; on (X, A").

(a) Take any 6 € © and recall the definitions in STEP 1 of the proceeding of
the discretization.

Then, for every Py € My, the definition of s; implies

Pylsi]

IN

Py|fi+eids] = Fjlfil +eidi <
Pylfi] + eid;

IA

for every i € Zy and, therefore, the definition of @/9 implies Py € N . Hence,
Polf] < Qolf]  Vf € Loo(X, A) (16.13)
Next, consider the coherent upper prevision @:) on Lo (X, A") defined by
Qh € bat(x,A)),
Qblfil < Qylfi] VieT

for every [’ € Loo(X, A’). Together with (16.13), we have

Qolf] = sup{ Qblf]

Pylf] < Qolf] < Qlf1 VI € Loo( X, A) (16.14)
and
Qlfl = Qlfl  Viel (16.15)
Next, it follows from the definition of d; that

/ (16.15)

Qolfil "= Qulf] < Qylsi] < Pylfil +eids <
Pylfil + Ei(?le[fi] — Py[fi]) VieTg

Py[fi]

IN N

and from an application of Proposition 14.1 for ﬁ; and @g that
Pylf] < Qolf'] < Polf+e(supf —inf f)  Vf € Loo(X, A)

because @8 is the natural extension of a corresponding coherent upper pre-
vision on Ky and the definitions ensure . - &; < e. Hence, (16.14)
implies

1€y

Pylf') < Qolf') < Polf') +e(sup '~ inf ') (16.16)
for every f' € Loo(X,A’). Finally, part a) follows from (16.16).

(b) Let 7’ be a randomized decision function on (X, .4’) . Then, an application
of Theorem 15.4 for the imprecise model (Qy)pco on (X,.A) and its natural
extension (@;)ge@ on (X, A") implies the existence of a randomized decision
function 7 on (X, .A) such that

sup /X / Wo(t) 7 (dt) Qo(dz) < sup /X / Wo(t) 7. (dt) Qp(da)

QoENo QyeN
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for every € € ©. Then, it follows that

sup /X /D Wo(t) 7. (dt) Quldz) <

Qo€ENy

< sup //We 2 (dt) Qp(dzr) <

QHENG
(16.16)
< sup / /Wg 7 (dt) Py(dz) + e(sup Wy — inf Wy)
PyeMy

for every 6 € 6.
O
The following corollary states that an approximately I'- minimax randomized
decision function in the original decision problem can be found by searching for
a I' - minimax randomized decision function in the discretized decision problem.

Here, 7p(X,D) denotes the set of all randomized decision functions on (X, .A)
and 7 (X, D) denotes the set of all randomized decision functions on (X, A’).

Corollary 16.4 In the setup of the present section, let Il be a coherent upper
prevision on Lo (0, 2@) with credal set P . Let T minimize the upper Bayes risk
in the discretized decision problem, i.e.

Rg((Qg)oco, 7, W) = TG%I%E(’D) Ri((Qg)oco, 7, W)

Then, 7 is a randomized decision function on (X, A’) and approzimately mini-
mizes the upper Bayes risk in the original decision problem, i.e.

Rﬁ((ﬁlg)gee,%, W) < inf Rﬁ((ﬁl‘g)gee,Tl, W) + e(supW — inf W)
T'eTy (X,D)

Proof: Take any 7/ € 7j(X,D).
According to Theorem 16.3b), there is some 7 € 7o(X, D) such that

sup //Wg(t)f'z(dt)Qg(dac) < (16.17)

QoENy

sup / /Wg 7 (dt) Py(dz) + e(sup Wy — inf Wy)
PjeM,

for every §# € ©. Hence, the definition of the upper Bayes risk (Chapter 7)
implies

Ri((Qploce, 7, W) < (16.18)
< Rﬁ((ﬁle)9€®77daw) + 5(SupW*inW)

By use of Theorem 16.3a), it follows that

sup / / W (t) 7o(dt) Pj(dz) < sup /X /D Wi (t) 7o (dt) Qg (da)

PleMj QoENo

and, therefore,

Rﬁ((F;)Oe@a%»W) < Ry((Qg)oco, 7, W) (16.19)
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Assertions (16.18) and (16.19) and optimality of 7 imply

Re((Py)oeo. 7. W) < (16.20)
< Rﬁ((ﬁle)aeeﬁ/,w) + e(supW —inf W)

This proves Corollary 16.4 because (16.20) is true for every 7/ € 7j(X,D). O

Though Troffaes (2007b) is concerned with discretizing ©, the setup of the
present section is closely related to the setup in Troffaes (2007b).

In the above described discretization method, the discrete sample space (X, A) is
generated by some simple functions s where every simple function s corresponds
to some f € Ky such that

jgg\f(x)—S(x)l = glgﬁigglf(x)—sw)l < e(sup f —inf f)

This is denoted by

f ~e S
in (Troffaes, 2007b, §3). Furthermore, (Q,)sce is an imprecise model on (X, .A)
where (Ng)gco is the corresponding family of credal sets on (X, .A). It can be

read off from the construction of (Q)gece and from the proof of Proposition 14.1
that

Péigf/[é Qo — Pyl < 26 VQpeNp
and

Ll P = Qull < 2 VPpe M,

for every § € ©.4 5 This is denoted by
M{9 ~2e NG

in (Troffaes, 2007b, § 3). Furthermore, adopting the terminology from (Troffaes,
2007b, §4), Corollary 16.4 may be reformulated in the following way:

4| - || denotes the operator norm in ba® (X, .A4), i.e.

— Pl
1Qo— Py =  sup |QoU1=Folill
fELo(X,A) I £1]

5In addition, this is a direct consequence of the following fact:

Let P; and Py be coherent upper previsions on (X,.A) with credals sets M
and My respectively. Then,

|P1[f] — Pal[f]]

= max{d1, 62}
FELo(X,A) 1
where
61 = sup inf P — Py and 0y = sup inf Py — Py
I AR Il I A I I

The proof of this fact arose from a discussion of Damjan Skulj and the author at the Workshop
on Principles and Methods of Statistical Inference with Interval Probability, Durham, 12-16
May 2008. A publication containing this proof will follow.
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Every randomized decision function on (X, A) which is optimal in
the discretized decision problem is e-optimal in the original decision
problem.

Accordingly, Corollary 16.4 corresponds to (Troffaes, 2007b, Theorem 6). How-
ever, note that Corollary 16.4 is concerned with discretizing the sample space
(X, A’) whereas (Troffaes, 2007b, Theorem 6) is concerned with discretizing © .

Applicability of the discretization method

The above presented discretization method can be applied step by step. Es-
pecially, every value which has to be calculated can in principle be calculated
by linear programming. However, rigid applications may in general be handi-
capped — or even made impossible — because of exceedingly high computational
costs. This is again similar to the results in Troffaes (2007b) and we may derive
upper bounds for the size of the discretized sample space which generally holds
but which are, in general, much too large in order to be of any practical value:

As stated before, there is a finite partition {A;,..., A} of A such that every
element of A4 is the union of some elements of the partition {A;,..., A.}. The
size of this partition —i.e. the number r € N — precisely corresponds to the size of
the discretized sample space: r is the number of possible (discrete) observations
after discretizing.

According to the definition of A, the partition {A;,...,A,} is the coarsest
partition which is finer than every partition

(AW ANy ie{l,....n}

where Agj) is defined in (16.9) for every i € {1,...,n} and j € {1,...,M}.
Therefore, an upper bound on r is given by
sup f; — inf f;

1
r < M" < 1+ —-sup
d;

(16.21)

where the last inequality follows from (16.7) and (16.8).

This number is extremely large — even if © is a small set and, for every 6 € ©
Ky only contains a few elements. For example, let © contain 10 elements, and,
for every 6 € © let each Ky also contain 10 elements such that KCy,, ..., Ko,
are pairwise disjoint. Therefore, we have n = 100. Furthermore, assume for
simplicity that

Polfl - Pylf] = 01-(supf—inff) Vfeky VOeO
Then, for € = 0.1, the number in (16.21) is

)100 > 10300

(14551055

However, this number usually decreases immensely: It is unrealistic to assume
that Ko, ,...,Kg,, are pairwise disjoint in applications. In most applications,
K¢ will not depend on € so that we have

K = Ko Voeo
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In this case, n does not increase with the number of elements of © and we would
get n = 10 in the above example. This leads to the number

(14551029 ~ 10%

which still is a great deal too large. However, (16.21) ounly is a very crude
upper bound which does not assume any additional properties of the functions
f € K. Such assumptions may drastically decrease the bound as can be seen
by Proposition 16.5.

Proposition 16.5 Let X be an interval in R and assume that every f € K
fulfills one of the following properties:

(a) f is the indicator function of a set A" € A" which is the union of no more

than

1 ; —inf f;
1+ —-sup Z sup f; — it f;
£ veo d;

intervals
(b) f is conve.
(c) f is concave.

Let r be the number of elements of the partition {Ay,..., A.}. Then,

1 -~ inf f;
ro< dn- (14> sup Zw (16.22)
€ ge@jeIe dj

Proof: Recall that L = {f,..., fn} and recall that, for every ¢ € {1,...,n},
{Agl), . ,AEM)} is the partition defined by (16.9).
Firstly, it is shown for every ¢ € {1,...,n} that there is another partition
{Ci(l), ce C’Z@M)} of X such that

C’i(j) is an intervall in R for every j € {1,...,2M} and

{Agl),...,AEM)} is contained in the smallest o-algebra generated by
{ch, ... ,ctMhy.

For any i € {1,...,n} such that f; fulfills (a), this follows immediately from
(16.8). Now, take any i € {1,...,n} such that f; fulfills (b). Then, the

definition of Agj ) and convexity of f; implies that AZ(-j ) is the union of two

intervals Ci(j) and C’i(gj) for every j € {1,..., M}. The same is true in case of
().

Next, note that the number of elements of each partition {Ci(l), ceey C’i(QM)} is
bounded by

1 5 . —inf f.
oM < 2. 1+,.Supzbllpf3d7mfﬂ
€ Geejelg 5

Finally, Proposition 16.5 follows from the following simple fact:
Let Dgl), ey D%ml) and Dgl), e DémQ) be two partitions of an interval in R
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such that every ij) is an intervall. Then, there is a partition D1,..., D,s such
that every ng]) is the union of some elements of {D;, ..., D, .} and the size r’
of this partition is not larger than mq + 2 - mo . O

In the situation of the above example with n = 10, this leads to the upper
bound
4-10- (145510 55) ~ 4-10*

which is a more reasonable size than the above ones. In particular, bound (16.22)
has the remarkable property that it increases only linearly(!) in n, the number
of functions. On the one hand, Proposition 16.5 itself covers many situations
in real applications. On the other hand, it demonstrates, that applying the
presented discretization procedure will often lead to a reasonable size r of the
discretized sample space.

Furthermore, there is another way to reduce the size of the discretized sam-
ple space (X,.A), which is different from the others and relates to the results
of Chapter 14. In the presented discretization method, an imprecise model
(Qg)oco is constructed such that

Pylf) < Qulfil < Plfil+ “(supfi—inff)  Vie{l....n} (16.23)

However, ¢ can be large and then, it will not be possible in most applications
to specify the “correct” coherent upper prevision in such a great precision that
the value c

gid; = E(Sup fi —inf f;)

becomes meaningful in (16.23).
Therefore, it may be justified to relax (16.23) to

Plfi] < Qulfi) < Polfi) +etup fi —inf f;)  Wie{l,....n} (16.24)

This means, that M is not chosen in order to fulfill (16.8) in the discretization
method. Instead, M has to be chosen so that
1

M-1 < - < M
3

Then, analog to (16.22), an upper bound on the size r would be

3

1
4-n- (1 + ) (16.25)
and the above example would lead to
4-10- (1+ 55) = 440

This is a reasonable size with which computations should be tractable. Note
that bound (16.25) does not depend on the size of © and only depends linearly
on the number of elements in . Therefore, also larger problem than the above
example should be tractable.

Relaxing (16.23) to (16.24) can often be justified and leads to more conserva-
tive results. However, note that, by doing this, e-optimality is not guaranteed
anymore according to the results in Chapter 14.
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Chapter 18

A minimum distance
estimator for imprecise
probabilities

18.1 Estimation in an imprecise model

18.1.1 Estimation problems in statistical decision theory

In view of Chapter 16, the following setup seems to suggest itself in order to get
computationally tractable estimators:

Let X be a set with algebra A’ and let (F;)geg be an imprecise model such
that the corresponding credal sets are given by

My = {Pyebal(X, A)| PIfI<Pylf]l VfeK}, 00O

where I C Loo(X, A’) is a finite subset of Lo (X, .A’) which does not depend
on 0.

In the spirit of Wald (1950), an estimation problem may be defined in the
following way:
Take the decision space to be equal to

(D, D) = (©,2°)

and let . R
W : 6x0 — R, (0,0) — Wy(0)

be a loss function such that (Wy)pco C Loo(©,29). Then, a decision d =
0 € © =D is called estimation of the true parameter 6 ; (randomized) decision
functions on (X, .A’) are called estimators and the performance of estimators is
evaluated by their risk functions.

Though a superficial consideration directly leads to this setup, a closer look
at estimation problems in imprecise probabilities raises the suspicion that this
setup might be meaningless: Note that statistical evaluations are usually not
based on one single observation & but on several or even many observations

157
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Y1,--.,Yn - Nevertheless, in mathematical statistics all observations are com-
monly treated as one observation by putting

T = (Yy1,--,Yn)
and assuming that X" is a suitable product space
X =y, yi €Y Vie{l,...,n}
and that the (precise) distribution of the data is a product probability measure
P = Qg

In this way, it is often possible to treat several observations as one single obser-
vation. Therefore, it is enough without loss of generality to take only one single
observation into account. This is also possible in case of imprecise probabilities:
Let the coherent upper prevision @, be the imprecise distribution of the observa-
tion y; € YV and let My denote its credal set. Independent identically distributed
observations y1, ..., ¥y, in imprecise probabilities often means — by definition !
— that = (y1,...,yn) is distributed according to the coherent upper prevision
Py which corresponds to the credal set

My = cEco{Q1®~--®Qn ’ Q; €Ny Vie{l,...,n}}

where cfco denotes the convex closure. However, it is not clear if such a pro-
ceeding is in accordance with the assumption that the credal set Mj has the
form

My = {Pyebal(X,A)| PlfI<Pylf] VfeKk}, 60e€®

where K C Lo(X,A’) is a finite subset — an assumption which is crucial for
discretizing the sample space according to Chapter 16.
Therefore, the following two questions should be answered:

e May IC reasonably be assumed to be finite in case of n observations?

e If C happens to be finite: Does the number of elements of I excessively
increase with the number of observations n?

If the answer to the first question is not affirmative, such a proceeding was
useless from the first. If the answer to the second question is affirmative, such
a proceeding was rarely applicable in practical situations.

The present book does not make an attempt to answer these two questions since
the minimum distance estimator presented below is based on a different setup.
However, the above paragraphs show that developing the setup needs some care
and an indiscriminate approach can lead to severe problems in applications.

The product of coherent upper previsions which results in the credal set

cﬁco{Q1®-~-®Qn | Q; € Ny Vi€{17...,n}}

lcf. e.g. de Cooman and Troffaes (2004); note that there are still several other definitions
which are also often used in the theory of imprecise probabilities.
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is called type-I product. Instead of this concept, the so-called type-II product?
is used in the following sections. Here, X' is not assumed to be a product space
X = Y™ Accordingly, = does not represent all observations but z is really only
one single observation which is distributed according to some coherent upper
prevision ?/9. If we have a number of such observations

r1E€EX, . ..., xp €X

we have to consider the product space

X”
Using the type-II product corresponds to the assumption that the vector of
observations x1, ..., x, is distributed according to some
Pp®---® Py, Py e M,

where Mj denotes the credal set of P;,. In (Couso et al., 1999, §3.6), it is
explained:

“(...) [The type-I product] is the appropriate definition of indepen-
dence in statistical problems, where we have stochastically indepen-
dent repetitions of a random experiment and our only knowledge
about the underlying probability distribution is that it belongs to
the set (...) [Mjp]”

Imprecise probabilities may be interpreted in different ways but note that the
type-I product is only compatible with the interpretation of sensitivity analysis
in the theory of imprecise probabilities. Accordingly, the type-I product is
commonly used in robust statistics.

In order to develop a mathematical rigorous setup, the following subsection ex-
plains representations of observations by random variables and image measures
in case of imprecise probabilities in some detail. These are fundamental con-
cepts in classical statistics which, initially, should be carried over to statistics
with imprecise probabilities. After this, Subsection 18.1.3 presents a formal-
ization of independent observations in the theory of imprecise probabilities in
terms of random variables. Finally, Subsection 18.1.4 is concerned with an ad
hoc method of discretizing the parameter space © which may serve as a “less-
than-ideal solution” if modeling yields an inifinte parameter space © — confer
Section 16.1.

18.1.2 Observations and random variables

In classical statistics, a random observation or data point Z in a set X’ is math-
ematically rigorously formalized by a random variable

X: Q- X, w — X(w)

where 2 is a fixed set which is rarely specified more closely. There are a fixed
o-algebra F on Q) and a fixed o-algebra A’ on X and it is assumed that X is
measurable with respect to these o-algebras. X is called random variable.

2cf. (Walley, 1991, §9.3.5)
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Next, it is assumed that an unspecified event @ has randomly happened which,
by (deterministic) physical principles, has led to the observation

Po= X(@)

The events w € Q) are distributed according to a (precise) distribution U or a
(precise) distribution Uy on (€2, F) where 0 is an unknown parameter.

Let A’ € A’ be a measurable subset of X. Then, the probability that the
observation Z lies in A’ is equal to

U({we | X(w)ea})

That is, the distribution z is distributed according to the precise probability
measure

poA 0,1, A - Ug({wem X(w)eA’}) (18.1)

This defines a (precise) statistical model (Py)gce for the observation z .
If we have several random variables X1,..., X, it is assumed that their domain
coincides but their ranges may differ:

X, Q- A, iE{l,...,n}

Py defined by (18.1) is called image measure of Ug under X and, for this formal-
ization, it is a crucial property that the image measure of a probability measure
is again a probability measure. In order to adopt this formalization in case of
imprecise probabilities, we have to assure that the “image of a coherent up-
per prevision” is again a coherent upper prevision. Now, let Uy be a coherent
upper prevision with credal set Uy on (2, F). Furthermore, we may relax the
assumption that F and A’ have to be o-algebras. In the following, it is enough
to assume that F and A’ are algebras. The upper prevision of a measurable set
A" e A is equal to

Uy ({w €| X(w) e A’}) - U, {Ixfl(A,)} (18.2)

In order to define a suitable image of Ug under X which is a coherent upper
prevision on L, (X, A"), it is most comfortable to do this via the credal set Up:
For every Uy € Uy, define the image Pj according to (18.1) which is denoted by

Py = X(Us)
and is a probability charge on (X, .A’). Next, put
Mlg = {X(Ug) ’ Uy € UQ} (18.3)

Since Lemma 18.1 below states that My is in fact a credal set of a coherent
upper prevision ?/9, it is natural to put

Py = X(Up)

and to call F; = X (Uyp) the image of Ug under X .
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Of course, this definition is in accordance with (18.2):

Pyl = s Up(X!(4)) = Ug({w €| X(w) € A’})

In this way, it is possible to adopt the mathematical formalization of classical
statistics. In the following subsection, this can be used to define independent
random variables in a canonical way.

Lemma 18.1 My defined by (18.3) is a credal set on (X, A’).
Proof: The map
€ ba(Q, F) — ba(X, A, v — &)

defined by
Ew)(4A) = v(X~1(4))

is linear and continuous with respect to the £ (2, F)-topology on ba(2, F)
and the L (X, A’)-topology on ba(X,A"). Together with

§<baJ{(Q,}')) C bal(x,A)

this implies that &(Up) is a convex and Lo, (X, A’) - compact subset of bat (X, A’).
According to Corollary 3.5, £(Uy) is a credal set and the definitions imply

EUy) = Mo

O

18.1.3 Independent identically distributed observations with
imprecise probabilities

Recalling the mathematical formalization of observations or data in classical
statistics, random variables

are called independent if the joint image measure is equal to the product of the
single image measures

X1
| U) = Xi(U)®- @ X, (U)
Xn
Of course, this is equivalent to

U(Xi €], ..., X,€A,) = U(Xy € &) ... -U(X, € 4))

vV AleAl,..., AL € A .
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In order to define independent random variables for coherent upper prevision
in a mathematical rigorous way, we have to take a closer look at the latter
assertions:

The random variables
X, : Q — X, 1e{l,...,n}

are assumed to be measurable with respect to F and A} where F is an algebra
on  and A is an algebra on X; for every i € {1,...,n} respectively. Then, the
map

X1 Xl(w)
X = D Q= XD X w = X(w)

?

X, X, (w)

is measurable with respect to the algebra F and the product algebra on xj_; X;
— this is an easy consequence of Lemma 18.2 below. It is tempting to denote
the product algebra by A] @ -+ ® Al just as in case of o-algebras. However,
it is rarely a good idea to denote truly different things by the same symbol
and, therefore, the symbol ® is introduced now so that the product algebra is
denoted by
& GA

From (Konig, 1997, p. 202), the following fact about product algebras is cited
— it is crucial for the definition of product probability charges: 3

Lemma 18.2 Every element of the product algebra A& ...®A! can be repre-
sented by

U = oxal, AW e A Vief{l,....n} Vke{l,...,m}
k=1

where the sets A'gk) X oo X A’ﬁf) are pairwise disjoint.

The product probability charge X1 (U)®---® X,,(U) may be defined according

to (Koénig, 1997, Proposition 20.4). Note that this definition guaranties
mwmn®mﬂwﬁxmx%):U@ﬁAQ“-W&e%)

where X1 (U) ® - -- ® X,,(U) denotes the product probability charge. Just as in
case of probability measures on o-algebras, we can apply the following definition:
The random variables Xi,...,X,, are called independent with respect to the
probability charge U if

X
o) = xiwy e e x,0)
Xn

3(Konig, 1997, p. 202) is only concerned with n = 2, the more general statement follows
by induction.
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The definition of product charges makes it possible to define products of coherent
upper previsions also on infinite spaces in a mathematically rigorous way. In
terms of probability charges, one of the most popular definition of independent
products of coherent upper previsions P; on Loo(X;, AL), i € {1,...,n} is:

Put

M@ @M, ={P@ P, | Ple Mj Vie{l,....,n}}

where M/, denotes the credal set of P; on (X;, AL). Then, the coherent upper

prevision
—/

Q : Loo(Xx - xX,, Al®...0A) — R
defined by

—/

Qly] = swp{Q¢]| @ e Mj®---aM,}
Vg € Loo(Xy X+ x Xy, A®... QA

is called type-I product coherent upper prevision.* The credal set of @, is equal
to
N = clco( M} ®--- @ M)

where cfco denotes the convex closure in the £, (Xl X X Xy, A’1® . ®A’n) -
topology. The product @/ may also be denoted by

—/

Q = P,e---0P,

Now, independence of random variables with respect to a coherent upper previ-
sion may be defined in a canonical way. Let U be a coherent upper prevision on
Loo(Q,F). Then, Xi,...,X, are called independent with respect to U if the
joint image of U is equal to the product of the single images of U; that is,

X1
@) = XM e- 0 X.(0)
Xﬂ,

In this way, the mathematical formalization of independent observations by
use of random variables and product measures nicely fits also in the theory of
imprecise probabilities. However, some problems arise in practical statistical
applications:

Firstly, the credal set

N = clco( M} ®--- @ M)

has some nice theoretical properties but it is not yet assured by the present state
of the art that such credal sets are computationally tractable for a reasonable
large number of observations n. Here, much further work remains to be done.

4cf. e.g. (Walley, 1991, §9.3.5) or de Cooman and Troffaes (2004)
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Secondly, a lot of current research in statistics is based on simulations. Though
simulations are completely useless in order to assure good properties of statis-
tical methods, they can often provide valuable insight and intuition into the
behaviour of the statistical method in real applications. However, as Thomas
Augustin mentioned at the Workshop on Principles and Methods of Statistical
Inference with Interval Probability, Durham, 12-16 May 2008, it is not clear
what simulating means within the theory of imprecise probabilities. Especially,
this seems to apply to the above product model. Theoretical investigations and
a practicable guideline for “good” simulations are still missing at the moment.
Such simulations should be able to broadly cover the manifold aspects of the
above product model — otherwise they will commonly fail at providing valuable
insight.

Thirdly, asymptotic properties are also important criteria for the evaluation of
statistical methods but an asymptotic theory of imprecise probabilities which
applies to the above product model has not been developed yet.

Fourthly, at least for sensitivity analysts, the type-II product seems to be a
better approximation of the real world in most applications than the type-I
product.

Of course, the fourth point depends on the situation and touches philosophic
discussions. Note that the first three points do not argue against type-I products
in general! Instead, they are intended to indicate that a lot of research has to
be done before statistical methods based on type-I products can be developed,
proven to have good theoretical properties and applied in real applications with
reasonable numbers of observations. However, these things seem to be already
possible for type-IT models. This is the purpose of the following sections.

Here, the data

r1E€EX, ..., xp€X

stem from (measurable) random variables
X, Q- X, ie{l,...,n}

which are assumed to be independent identically distributed according to some
precise distribution Py € M} where Mj is the credal set of a coherent upper
prevision on L., (X,.A’). That is,

X1
| (Us) = Xi(Up) @ @ Xn(Up) = B°"
Xn
and, according to Lemma 18.1, Uy may be assumed to be any element of a credal
set Uy on (2, F).

18.1.4 Discretizations in estimation problems

As argued in Section 16.1, discretizing the parameter space © may be considered
as part of modeling in estimation problems because coarsen © also means to
change the purpose of the estimation problem and this change of the purpose is
desirable from the point of view of the theory of imprecise probabilities; confer
Section 16.1.
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Modelers will nevertheless often produce an infinite parameter space © . There-
fore, an ad hoc method for discretizing © is developed in the following:

Let © be any index set and (P;)gee be an imprecise model on a sample space

(X, A) . For every 6 € O, let MJ, be the credal set of P, on (X, A) .
In order to discretize O, let

H = {H, ..., Hy}

be a finite partition of ©. Now, the parameter set in our estimation problem is
‘H and we want to estimate the true H € H . This is the set H € H in which the
true parameter 6 lies. That is, we do not want to discriminate between different
elements #; and 65 of one H any more. In this sense, the estimation problem
gets coarser. The (upper) risk function depending on H € H is canonically
defined by

H — R, H — sup sup / / W (0) 7.(d6) Pj(da) (18.4)
0cH PjeM), Jx Jo

where (Wp)oco C Loo(0,2°) is a loss function and 7 is a (randomized) decision
function, i.e. an estimator. Since we do not want to discriminate between
different elements #; and 65 of one H, it is natural to choose a loss function
which does only depend on H and not on the specific #; that is, we have a loss
function

(Wh)ren C Loo(H,27)

Furthermore, the decision space changes from © to H and the risk function
becomes

H — R, H — sup sup //WH(ﬁ)Tx(dﬁ)Pé(dz) (18.5)
ocH PyeM) Jx Ju

for an estimator 7. Next, put

My = cleo U/\/lg, VHeH
0cH
where clco denotes the convex Lo (X, A’)-closure. That is, M/, is the credal

set of the coherent upper prevision ?;I defined by
Py i Loo(X,A) = R, [~ supPylf]
0cH

According to Lemma 22.3, the risk function defined by (18.5) is equal to
H — R, H — sup / / Wy (H) 7,(dH) P}(d) (18.6)
PreMy JX JH

and this function exactly coincides with the usual risk function defined in Chap-
ter 7 if (ﬁ;,) Hen is our imprecise model. That is, discretizing © naturally leads
to the imprecise model (FIH) mHeH , where H is a finite index set.

Of course, a thoughtless application of this discretization may lead to very bad
results. This is because discretizing © means that we do not want to discriminate
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between different elements 6; and 65 of one H and, therefore, it is crucial to
choose a sensible partition of © in order to get sensible results — the more since
choosing a partition of © means choosing the statistical purpose.

So far, this method can be justified well. However, problems arise in applications
since it is a necessary assumption for the applications presented in the present
book that every credal set is given by a finite number of restrictions; cf. e.g.
(16.1). However, even if there is a finite set K C L (X, A’) such that

My = {PBjebal (X, A) | Plfl <Pylf] Vfek)

it does not seem to be clear if assumption (16.1) is fulfilled for M’; which
would be necessary to successfully work with M’; in our applications. An ad
hoc solution of this problem is to use the credal set

My = {Py € bai (X, ) | Pylf] < Pylf] vfek}
as an “approximation” of Mj . It is easy to see that
My c My

After that, (X, A’") may be discretized according to Section 16.2 where the index
set is given by H .

18.2 The minimum distance estimator
In short, we are faced with a random sample
L1, +-- 4y T

from a precise distribution P,. P, is unknown, it is only known that Pj is
contained in a credal set My, . The parameter 6 is also unknown and should be
estimated.

The idea of the presented minimum distance estimator is very simple:

The data x1, ..., x, are used to build the empirical measure

m _ 1y
P _n;%

Then, the minimum distance estimator is that § € © such that P(™)
lies next to Mi@ . That is, we calculate the distance between P(") and

M, for every 6 € © and pick that 0 where the distance is minimal.

This estimator will not be optimal in the general decision theoretic setup and
the present chapter fails to proof any optimality result — the present chapter
even does not make any attempt to derive such optimality result. In this sense,
the presented estimator and the following investigations may be considered as
being insufficient.

On the other hand, even small numbers of observations (e.g. n = 10) usually
lead to models which are so extensive that calculating optimal estimators is
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excluded because of exceedingly high computational efforts — at least as mea-
sured by the present state of research. So, the best that we can hope for at the
moment are optimal estimators which cannot be calculated or estimators which
can be calculated and behave reasonably well. The purpose of the present chap-
ter is to develop such an estimator which can be calculated in real applications.
The proposed minimum distance estimator fulfills this practical need in many
situations. Furthermore, the asymptotic results of Section 18.3 confirm that the
estimator behaves reasonably well in terms of asymptotic statistics.

Before the minimum distance estimator can be investigated in a mathematically
rigorous way, some preparations still have to be done: Firstly, we have to care-
fully write out the mathematical formalization of the i.i.d. observations by use
of random variables and image measures as presented in Section 18.1. Secondly,
the imprecise model is defined based on random variables and image measures.
Finally, we have to declare the “distance” between the empirical measure and
imprecise probabilities.

Let Q be a set with o-algebra F and X be a set with o-algebra® A’. Let © be
any index set. There is no need to assume finiteness of © at the moment — such
an assumption will only be used for concrete computations in Chapter 19.

Let (Ug)gco be an imprecise model on (Q,F) with corresponding family of

credal sets (Up)pco . The observations zi, ..., z, are modeled via random
variables

X;: Q- X, ie{l,...,n}
It is assumed that X3, ..., X,, are independent uniformly distributed with re-

spect to an unknown probability charge Uy € Uy . According to Subsection18.1.3,
this is

X1

, (Us) = X1(Up) ® - @ Xn(Up)

Xn
where X1(Up) = ... = X,,(Uy) :== Py .
Since Up is unknown, Pj may be any element of

My = {X(Up) | U €Uy}

According to Lemma 18.1, M} is a credal set on (X, A").

Therefore, we have an imprecise model (Ple)eeg on (X, A") with corresponding
family of credal sets (M} )pco; and

/
le ey Xn ~iid. Pg

are independent identically distributed according some precise distribution P

which may be any element of the credal set of ?/9 . The task is to estimate the
unknown parameter 6 € ©.

5In order to derive asymptotic results later on, some parts of the investigations are con-
cerned with o-additive probability measures and, therefore, we have to consider o-algebras.
This does not provide difficulties because an imprecise model on an algebra can always be
extended to an imprecise model on a o-algebra by means of a natural extension.
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The following fundamental assumption is made:

Assumption: There is a finite subset K = {f1,..., fs} C Loo(X, A’) such
that

My = {Ppebaf(X, )| Bl <Pylf] ¥fek} (18.7)
for every 0 € ©. Furthermore, it is assumed that

Plfl-Pylfl >0  VYfek (18.8)

where Pj is the corresponding lower coherent prevision.

Now, it is possible to define the empirical measure in this setup. The empirical
measure P(") is the map

1 n
P™ . Q — bat(x,A), w - P = 525&(«0)
i=1

where §,, denotes the dirac measure on x; € X'. Note that

I 1
PO 0 - R we LY el = L3 (Kw)
i=1 i=1
is a (bounded) random variable for every f’ € L..(X,.A’) and
QxA = R,  (04) — P[]

is a Markov kernel.
The following notation will also be used: For every x = (x1,...,x,) € X", the
probability measure on (X,.4’) defined by

P[] = %Zf’(mi) Vf € Loo(X, A))
=1

is denoted by P, .

In order to define a minimum distance estimator, we have to choose a suitable

. . N,
notion of “distance” between a measure Pj and a coherent upper prevision P
on (X, A’) now.

Appropriately to the sensitivity analyst’s point of view, the distance will be
defined as
inf d(P.,P'

PeM’ ( 0 )
where d is a suitable metric on ba® (X, A").
Since bounded charges p’ € ba(X, A’) are mainly regarded as bounded linear
operators on Lo (X,.A’) within the theory of imprecise probabilities, it seems
to be most natural to choose the operator norm for d; that is,

P — P
Ars Py = 1B -P = s TP
F/EL oo (X A) 11

6 That is, P,[f'] = inf P)[f’
By} =, mt B
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and we put

1B =P = inf |IF5—P| (18.9)

Though this is not a norm (because of the different roles of P} and ?l) this
notation is sensible. Particularly, in the special case that Pisa precise prevision

(i.e. a probability charge), the definition in (18.9) reduces to the usual operator
norm in ba(X,A’).

Next, the minimum distance estimator can be defined: The minimum distance
estimator 0!, is

0 X" — O, T arggréigHPg”)—F;H

Recall from Chapter 3 that the operator norm in ba(X,.4’) is equal to the total
variation. Therefore, the minimum distance estimator is based on the total
variation norm. As shown in the following section, the annoying properties
of the total variation norm with respect to the empirical measure in classical
statistics completely disappear in the above developed setup based on imprecise
probabilities.

18.3 Asymptotic properties of the estimator

The setup and the notations of Section 18.2 are still valid. The present section
provides some theoretical justification of the minimum distance estimator de-
fined in Section 18.2. This justification solely relies on asymptotic arguments.
In order to apply such arguments, o-additivity becomes important. Therefore,
it would be desirable that the coherent upper previsions were even upper ex-
pectations because, for upper expectations, considering o-additive probability
measures is sufficient in most situations; confer Chapter 4. Fortunately, coher-
ent upper previsions which fulfill (18.7) are “usually” upper expectations (cf.
Chapter 4). “Usually” means that the following weak condition is enough to
guaranty this:
Pylfl—Pylf] >0  Vfek

This is a very sensible condition because — as we have seen in Chapter 14 —
coherent upper prevision which violate this condition should be avoided anyway.

Proposition 18.3 Let P} be the lower coherent prevision which corresponds to
P;. Assume (18.7) and (18.8).
Then, F; is an upper expectation, i.e.

My Necat(x, A
is dense in M), with respect to the Lo (X, A’) - topology.

Proof: Fix any Py € My, any fj € Loo(X, A’) and any ¢ > 0. Then, it is
enough to show that there is a P, € Mj, such that

Plfol > Folfel —¢ (18.10)
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Put
= {fl»"'afS}

Assumption 18.8 implies that, for every ¢ € {1,...,s}, there is some P/ € M},
such that

PlIfl] < Pylfl] (18.11)
Put
P, = (1—a)P,+ ZP’

for a = Al e (0,1].
T ©.1]

Of course, convexity of M}, implies P/, € Mj but, even more,

P} = (-aRlf]+ ZP’ £l <
< (1—a>Pe[fj1+§(P;[fj}+<s—1>ﬁ’a[fj}) <
(18.11) — [ — —
< U= a)Plf)+ = (Polfi] + (s = VPGLA]) = Pylii]
Hence,

co = min{ & Py(A] - PAAL - PhlAI - PARL ) > 0

Furthermore,

Pl = BIS) < ol Rl + 5 2P <
j=1
< allfgl+ ST = 2l gl = 5 (18a2)
j=1

For every j € {1,..., s}, put
Aj : ba(XvA/) - R7 H’, = :u/[fj]

and put
AO : ba(X7-A/) - R7 H, = :u/[f(/)]

Since these maps are L., (X, .A’) - continuous,
=N A;l(( — 00, P[fj] +80)) N Agl((p;[f(,] — €0, oo))
j=1

is an Lo (X, A")-open neighborhood of P/ and, therefore, Theorem 2.11b)
implies the existence of some

P, € Byncaf(x,A)



CHAPTER 18. A MINIMUM DISTANCE ESTIMATOR FOR IMPRECISE PROBABILITIES171

Hence, it follows from

Plf]l = Pllfil+eo < PUf1+ (Polfi] - PLlf) =

= Pylfj] Vie{l,... s}
that P! € MjNcal (X, A"). Furthermore,

(18.12)
Plfe) > Pilfo)—e0 = Folfg] -

N ™

The following example shows that assumption (18.8) cannot be omitted:

Example 18.4 Put X = (0,1] and let A" be the Borel-o-algebra on (0,1]. Let
K ={f1} where

fi: (0,1 - R, x — fi(z) =z
and take -,
Polfi] =0

It is not obvious that this is defined well because this is equivalent with the
existence of a probability charge Pj € ba’ (X, A’) such that

Pilf) = 0 (18.13)

However, (18.13) is very strange — at least for readers who are used to o-additive

probability measure — because fy1 is strictly positive. In particular, note that
(18.13) implies

Pi((e,1]) =0  Ve>0 but Pi((0,1]) =1
So, where does Py put its mass on?

It is shown now, that such a probability charge Pj really does exist. Obviously,
Py cannot be o-additive. According to (Hoffmann-Jorgensen, 1994a, p. zazvii),
the existence of a probability charge on a o-algebra which is not a o-additive
probability measure is equivalent to a certain form of the axiom of choice and,
therefore, it is clear from the first that the following proof will need this form
the axiom of choice.

It is easy to see that
T: {afi] aeR} - R, f = T(f)=0
is a (norm-)continuous linear operator such that
T(f") < supf’ Vi e{afi| acR}

Therefore, it follows from the Hahn-Banach Theorem (Dunford and Schwartz,
1958, Theorem I1.5.10) that T may be extended to a continuous linear operator
on Loo(X, A') such that

T(f") < supf’ VI € Loo(X,A)
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and Theorem 2.4 implies the existence of a bounded charge i’ € ba(X, A") such
that

P = T VI € Loo(X, A)

FEspecially, p'[f1] = 0. It only remains to show that p is even a probability
charge. This follows from

WA = =T(—=Ia] > —sup(—1Ia) =20 vA e A
and
1 = —sup(ffx) < —T(-1Iy) = w(X) = T(Ix) < suply =1

That is, Py = p is a probability charge which fulfills (18.13).

Though the above mentioned certain form of the axiom of choice is not visible in
the proof, it has nevertheless been used — it is associated with the Hahn-Banach
Theorem.

As already mentioned in Section 18.2, the use of the total variation norm to-
gether with the empirical measure is not unproblematic in classical statistics.
For example, consider a random sample from a standard normal distribution

X17 ceey XTL ~iid. N(071) = P

Recall the notations
pm - L iax, and pm — L iax.(w) VweQ
nia ' N nia '

for the empirical measure. Then, several distances d provides the desirable
property that

AP P) —— 0 P(dw) — as. (18.14)

n—oo

This is e.g. true for the Kolmogorov-Smirnov distance and the Cramér-von
Mises distance; however, it is not true for the total variation norm. In order to
see this, fix any w € ) and put

f: X =R, T = Iex (W), Xn ()} (T)
Then, we have PU”[f] = 1 and P[f] = 0 and, therefore,
|IPY —P|| = 1 YneN Vwe

which is the worst possible violation of (18.14). However, Theorem 18.5 below
states that this annoying difficulty totally disappears in the imprecise probability
setup described in Section 18.2. If we replace P by a coherent upper prevision

P’ satistying assumption (18.7), we get

™ -P|| —— 0 P —ast (18.15)

n—oo
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for every probability measure P} in the credal set of P. In (18.15), writing
a.s.™ instead of a.s. indicates that there may be some problems concerning
measurability because, in general, the map

o ]p(n) [f/] _ P/[f/] ’
PO _F|| = i A
worm RT-P = el s T

is not measurable.

In order to stay mathematically rigorously, consider the following notations
which are in accordance with the setup developed in Section 18.2:

Let Uy be a probability measure on (92, F) and let
X Q- X, 1e{l,...,n}

be random variables which are independent identically distributed with respect
to Uy . It is assumed that the image

P(S = XZ'<U0)

is any element of the credal set M’ which belongs to a coherent upper prevision

P on Loo(X,A"). Of course, Py does not depend on ¢ then. Again, we assume
the validity of (18.7) and (18.8). That is, the credal set M’ is given by

M = {Pebat(x,A)| P[fI<Pf] Vfek) (18.16)

where K = {f1,..., fs} is assumed to be a finite subset of L (X,.A") and

/

Pf]-Pf] > 0 Viek (18.17)
More precisely, (18.15) means

B P —— 0 Up(dw) — as.* (18.18)

n—oo

where w — H]Pfun) — ﬁ/H denotes the map

| LY (K@) - PIY
Q — R, w +— _inf sup -
PreM’ prep (x,47) 1171l

Taking the measurability issues indicated by the asterisk in a.e.* into account,
(18.18) precisely means:

There is a sequence of A’ /R - measurable random variables
A, Q= Ry w — Ay (w)
such that
HPSJ”)—F/H < Ap(w) YweN VneN

and
A, —— 0 Uy — a.s.

n—oo
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Confer e.g. (van der Vaart, 1998, §18) or (van der Vaart and Wellner, 1996, §1.9)
for this definition of almost sure convergence of unmeasurable maps.
Now, the already pronounced theorem can be formulated:

Theorem 18.5 In the setup of the present section, assume that

Uy € cal(,F) (18.19)
Let P be a coherent upper prevision with credal set M’ such that

By = Xi(lo) € M

Assume that M’ fulfills (18.16) and (18.17).
Then,
’|P£;n) —ﬁ/H — 0 Up(dw) — a.s.”

n—oo

The proof of Theorem 18.5 needs some preparations which are even interesting
from its own: Lemma 18.6 provides a different description of the distance

[P — P

and Proposition 18.7 provides a bound on this distance which does only depend
on the values

PO(f], Pfi] and P'[f] for ief{l,...,s}

This is a nice property for practical applications because these values are already
known or can easily be calculated. In particular, Proposition 18.7 is important
for the practical implementation of the minimum distance estimator because it
will follow from Proposition 18.7 that the proposed algorithm is correct.

Lemma 18.6 Let Q be a coherent upper prevision on L. (Y,B) with corre-
sponding credal set N on (¥, B) and let Qo be a propability charge on (¥, B) .
Let G be a subset of Loo(V,B) such that

o (7 is convex
e g = —ged

e G is bounded: sup|g| < oo

g€G
Then,
inf_sup |Qolg] — Q[g]] = sup Qolg] — Qlg] (18.20)
QEN 4ca geG
In particular, -
HQO _ @H _ sup Qolg] — Qg
9E€Loo(V,B) 9]l

That is, the distance HQO — @H exactly coincides with the operator norm if we
consider

Lo(YV,B) = R, g+ Qolg —Qlg]

as a (non-linear) operator.
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Proof of Lemma 18.6: Equation (18.20) obviously coincides with

Qigjfngg |Qolg] — Qlgl| = zgg(gg’v Qolgl — Qlg] (18.21)

In (18.21) the inequality “>7 is trivial and, therefore, it only remains to proof
the inequality “<” in (18.21).

In order to prove this, firstly, fix any Q € N and any g9 € G. In case of
Qolgo] > Qlgo], we have

|Qolg0] = Qlgo]| = Qolgo] — Qlgo] < sup Qolg] — Q]

geG

and in case of Qo[go] < Q[go], we also have

|Qolg0] = Qlgo]| = Qo[—g0] = Q[~g0] < sup Qolg] — Qlg]

geG

since —gop € G. Hence, it follows that

Qigﬁ/;telg |Qolg] — Qlyl| = Qiréﬁfj"ég Qolg] — Qly] (18.22)

In order to show that inf and sup may be interchanged in (18.22), a minimax
theorem is applied for

' : NMxG — R, (Q,9) — Qolg] — Qlg]

To this end, note that A is Lo, (Y, B) - compact and, for every g € G, Q —
I'(Q,g) is convex and Lo (Y, B)-continuous. In addition, g — I'(Q,g) is
concave for every Q € N . So, it follows from the minimax theorem (Fan,
1953, Theorem 2) that

inf sup I'(Q, = sup inf I'(Q,
Jufsup (@, 9) sup dnf, (@, 9)

Together with (18.22), this implies (18.21) and (18.20).

In particular, for
it follows that

|@0-@ll = nf sup|@ols] ~ Qlgl] "= sup Qolg] - Qls] =
_ L  Qoldl—Qld]
= p
9E€L (V,B) lgll

O

Proposition 18.7 Let Q be a coherent upper prevision on Lo (Y, B) with credal
set

N = {Qebai(¥,B)| Qlg) <Qlg] Ygeg} (18.23)
where G = {g1,...,9s} s a finite subset of Loo(V,B). Assume that

Qlgi] — Qlgs] > 0 Vied{l,..., s} (18.24)
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Then, for every probability charge Qg € ball'(y B),

1Q—Ql < 2 Z QO g[[ }]) (18.25)

Proof of Proposition 18.7 If there is any i € {1,...,s} such that Qolg:] —

Qlgi] > Qlgi] — Q[gi] then (18.25) is trivially fulﬁlled and nothing remains to
proof.

Next assume that

Qlgil — Qloi] < Qolgi] — Qlgs]  Vie{l,.... s} (18.26)

Without loss of generality, we may assume that the elements of G are indexed
in such a way that there is a r € {0,..., s} such that

Qolgi] > Qlgi] Vi<r and Qolgi] < Qlgi] Vi>r
Putting B
.. (Qol i1 —Qlai)) " Vi<
Qlgi] — Qlgi]

(18.26) implies 0 < g; < 1 for every i € {1,...,r}.

Let Q, be the coherent upper prevision with credal set

Mo = {Qepati(2.8)| Qlgl < max{Qll, Qolol} VgeG ]
Then, it follows from Qg € Ny and N C Ny that
Qolg] = max{Q[g], Qolg]} Vgeg

and this implies

Qlgil < Qolgs] = Qlgil +ei(Qlgsl — Qlgs])  Vi<r
and o o
Qloi] = Qolgs]  Vi>r
Since @@ and @, may be considered as natural extensions of coherent upper
previsions on G, Proposition 14.1 is applicable and yields

Qlg] < Qolg) < Qlgl+¢e(supg —infg) < Qlg] +2¢|lgll Vg€ Lo(V,B)
for e =144+ >0.

= {9 L. B) | llgll <1}
Then, Lemma 18.6 implies

[Qo— QI = sup Qolg] — Qlg] < sup Qylg] — Qlg]

geG geG
< sup Q[g] + 2¢|lgll — Q[g] < sup 2¢|lgll =
geG geG

. - QO i_@i *

IN
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Of course, bound (18.23) is, in general, a very bad bound. However, if Q) is
equal to the empirical measure P(") and the true distribution lies in the credal

set of Q = Pl7 then the law of large numbers yields
=1t
(Qolgs] — Qlgs]) T —— 0O

n—oo

Therefore, bound (18.23) provides valuable information for increasing numbers
of observations. Since Theorem 18.5 is about the asymptotic behaviour of the
distance [|P(™) — P/H , bound (18.23) serves as the cornerstone of the proof.

Proof of Theorem 18.5 For every w € {2, an application of Proposition 18.7
yields

- W) f P’
P P < i : 18.27
| | ? { T (18.27)

The map

W fz] Pt
Q — R, w = 2. Z P’[f])

is measurable with respect to F and B.

For every i € {1,...,s}, the strong law of large numbers (Hoffmann-Jgrgensen,
1994a, §4.12) and the transformation theorem (Hoffmann-Jgrgensen, 1994a,
§3.15) implies the existance of a Uy-set N; € F such that

1 n
POUf] = =) fioXjw) —— [ fioXi(w)Uo(dw) =
n — n—oo [e)
— [ 5@ P = B8 < PUE Yo e\,
Q
Therefore .
U N, € F
is a Up - set such that
s (n) -/ +
]P)w il = P i
2-2(7,[“ ,[f]) 0 VYweQ\N
= Plfi]—P[fi] e
Together with (18.27), this proves Theorem 18.5. O

Theorem 18.5 states that the distance between the empirical measure and the
coherent upper prevision converges. However, the techniques developed for the
proof can also be used to make some assertions about the rate of convergence:

Theorem 18.8 Under the assumptions of Theorem 18.5, it follows that

a) HP&”)—F/H = O(ln\}%n) Up(dw) — a.s.”
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b) In addition, assume that
Plf] < Puf] Vie{l,... s} (18.28)
Then,
lim Up ({w eq| [Py - Pl > 0}) -0
In part b), using the outer measure U instead of Up is due to the fact that the
- {wea| valpe) - | > ¢}
will, in general, not be measurable.

Proof: For every i € {1,...,s}, put

According to Proposition 18.7,

0 < PP < 2.3 PR -Pr))t  vYeeQ  (18.29)

a) Note that, for every ¢ € {1,...,s} and for every w € Q,

(B ) = P'ha])" < (@[] = Blhi)) T < PO ) - Pilhi]| =
_ Z (h o X;(w) — Pllh: ])
Since

/Q hi o X;(w) Up(dw) = Pk

the law of the iterated logarithm (Hoffmann-Jgrgensen, 1994b, §10.25)
yields

Inl
= O( - nn> Up(dw) — a.s.”

zn: (h o X;(w) — P, [hi]) 7

j=1

and, therefore,

W1 BNt Inlnn W) — s
Enl-PE)T = o(ME)  thlaw) - as

Together with (18.29), this implies the validity of part a).

b) For every n € N, put

AL = {w € Q‘ B —P|| > O}

n
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S

A@ = {w € Q‘ ST O] - P " > 0}
=1

and, for i € {1,...,s},

Bin = {wea| PO > P} =
Then, we have

where A, By, ..., Bsn € F. Finally,

i=1

n—oo

because
Uo(Bin) —— vie{l,...,s}

n—oo

follows from the strong law of large numbers (Hoffmann-Jgrgensen, 1994a,
§4.12), assumption (18.28) and the fact that almost sure convergence im-
plies convergence in probability; cf. (Hoffmann-Jgrgensen, 1994a, §3.25).

O

Now, let us turn over to consistency of the minimum distance estimator
alo. n 3 (n) _ b=
0, : X" — 0, T — argmin HIP’m PGH

In order to stay mathematically rigorous, it is more convenient to work on (2, F)
than on the sample space (X", A’®™). Therefore, we most often consider the
maps

0, : Q — O, w e é;L(Xl(w),...,Xn(w))

instead of §/, . That is, we use the notation

0, = 0,(X1,....,X,) = arggéigHIP’fu”)fﬁleH

Recall the setup presented in Section 18.2 now. That is, we have an imprecise
model (ﬁé)geg on the measurable space (X, A") with corresponding family of
credal sets (Mj)pco . With respect to a (fixed but totally unknown) probability
measure Uy on (€2, F), the random variables

Xl y oty Xn ~iid. PQIO
are independent identically distributed according some precise distribution

P, € Mg,  forsome € ©
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The true Pe'o € M’eo is totally unknown and we only want to estimate 6y. A
true parameter 6y is any” 6y € © such that

Py, € Mg,

In case of a finite set of parameters ©, a sensible estimator 6,, should — at least
for large n — lead to small error probabilities

v (g Mj)
so that
Ug(PogMgn) —— 0

The minimum distance estimator fulfilles this requirement as stated in the fol-
lowing theorem. Again, using the outer measure U instead of Uy is necessary
because we do not assume

{w e ‘ Py §{Mén(w)}
to be measurable.
Theorem 18.9 In the setup of the present section, assume that
Uy € cat(9,F) (18.30)

Let (P‘;)QGQ be an imprecise model on the measurable space (X, A") with corre-
sponding family of credal sets (Mjp)geco . The index set © is asumed to be finite.
With respect to Uy , the random variables

/
Xl PRI Xn ~iid. POO

are independent identically distributed according some precise distribution Pelo
such that
P, € My, for some 6y € ©
Assume that My, fulfills (18.7) and (18.8) for every 8 € © .
Then,

U;(PogMgn) — 0 (18.31)

n— oo

Proof: Firstly, fix any n € N. For every 6 € ©, put
4 = {oeal oo -7 < ot -7, }

Note that the definition of 6, implies

(n
w € Aéw

)(w) VweQ (18.32)

70y is not assumed to be unique.
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Put Oy = {0 €0 | Py e /\/l/g} . Then, the following relations are valid for
every w € ):

Pig My = fw eore, "BV woe [J Ay
0 € ©\0
Therefore,
U;(P[;ggM'én) < Y vp(Ar) (18.33)
9c 6\

For every § € ©\©q, it follows from Py ¢ Mj that there is a g9 > 0 such
that

s (BIE - Pyl)-IF1 > e (18.34)
ie{l,...,s}

Then, for every w € Q and for every § € ©\ O,

H , )
[pS=P5) =t s [P - Bl 1A 2

PyeMy icqa,...,

> sup inf (PO = BLAD - ISl =
ie{1,.I.).,s}P,§eM;( L1:] dl D 17l

= sw (BOIA] - RA] + BlA) - Pylf) - 15 =

i€{l,...,s}
. n -/
> _inf (PO - BIASN + s (BLA) = Polfd )AL >
i€{l,...,s} ie{l,...,s}
(18.34) ) "
>0t (POLR] = BIADIAD + eo
i€{l,...,s}
Put
Z = [P —P, | = inf  (PO[F] = BLA] I VweQ
W@ = B =Py~ _int (B[] - LA we

and note that, for every 6 € 0\ O,
Zp(w) > eg Ywe A(gn)
Therefore, it follows from (18.33) that

Ui(PeMy) < > Uil(Za > <) (18.35)

e ©\0

Next, Theorem 18.5 and the strong law of large numbers (Hoffmann-Jgrgensen,
1994a, §4.12) yield
Z —— 0 Uy — as.”

n—oo

According to (van der Vaart and Wellner, 1996, Lemma 1.9.2), Uy-a.s.* -
convergence implies convergence in U - probability. Hence,

* / / (18.35) *
Us( Py ¢ M < > Ui(Zn > ) —— 0
€ ©\6 e



Chapter 19

Implementation and
application of the estimator

19.1 Discretization

As seen in the previous chapter, it is not necessary to discretize the sample space
in order to define the minimum distance estimator based on the total variation
norm in a sensible way. Since this is not possible for precise probabilities, going
over to imprecise probabilities turns out to be a simplification.

Of course, if we want to calculate the estimator by use of computers, the sample
space has to be discretized — at least implicitly. However, it is one of the most
striking properties of the above presented minimum distance estimator, that
this is only a practical need which is irrelevant for theoretical investigations. In
case of precise probabilities, discretization would even be part of the definition
of the minimum distance estimator.

Again assume that we have an imprecise model (P;)QE@ on a measurable space
(X, A") such that assumptions (18.7) and (18.8) are fulfilled. That is, there is
a finite subset K = {f1,..., fs} C Loo(X,A") such that, for every 6 € O, the

credal set of P;, is given by
My = {Pjebai(X,A) | BlfI<Pylf] Vfek)
and -,
Polf] = Pylf] > 0 Viek

where Py is the corresponding lower coherent prevision. In addition, assume
that © is a finite index set.

Then, we are in the situation of Section 16.2 and we can apply the method of
discretizing for some fixed € > 0 presented therein:

Asin (16.11), let {A4,..., A, } be the partition of X which generates the finite
o-algebra A. For every i € {1,...,s}, let s; be the A-simple function which
corresponds to f; according to (16.10). For every § € ©, let Q, be the coherent
upper prevision on L. (X, .A) which corresponds to the credal set

Ny = { Qo ebaf (X, A) | Qolsi] < Pylfi] +eidi VieTy)

182
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— confer (16.12). Recall from (16.3) that, due to finiteness of O, d; may be
defined to be

. ==/
di = dy, = gg(gpe[fz‘}—ﬂle[fi] > 0

for every i € {1,...,s}.

Now, let
1, ..., T, € X
be some observations and let
1 n
P = ﬁ;%, z = (x1,...,2,) € X",
1=

be the empirical measure. Then, the minimum distance estimator is
0/ - ; (n) _p
0, (x) = arg min P — Py
In order to calculate this estimator by computers, it would be desirable that

B Pe(f] - QL) |
P _ = inf [P
[P = @Qoll = imf, s 11

was approximately equal to HIPQ") — ﬁ;” . Theorem 19.1 below shows that this
is true.

Theorem 19.1 In the setup of the present section,
[BS — Q| < B — Pyl < ||PS) — Q]| + 2¢ Voeo
for every x € X™.

Proof: Fix any z = (v1,...,7,) € X" and any 6 € ©. Let @/9 be the natural
extension of @y on Lo (X, A’). Then,

- L) - Q11|
P™ Q) = inf [P-
|| x QH” QgENéf,eﬁila,Af) Hf/H

Note that the assumptions in the present section guarantee the validity of
(16.16). That is,

Pylf] < Qulf'] < Pylf]+e(sup f' —inf f) Vf € Loo(X, A')

Next, a twofold application of Lemma 18.6 implies

B — By = sup P [f] = Polf')
’ F1ELoo (X, AT I1.£/]]
and _,
PO -Gyl = sup B[] = Qplf']

FrELoo (X, A7) 11
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Hence,
I Q| < | Pyl <
B (5] = (@plf') = =(sup £/ — inf f'))

< sup =
F1ELoo (X, A7) (Kl
R — sup f’ — inf f’
< -G e sp  TRIZEEL
FrELoo(X,AY) £l

= ||P0Y — Q| + 2¢
Hence,
— — —
IS = Qoll < [[PE = Poll < [P — Q| +2¢

and it only remains to proof

P —Qall = ([P - @l (19.1)
The inequality “>7” is trivially fulfilled in (19.1). In order to prove the in-
equality “<7” it is enough to show

/

(M)ren A 141 (n) ra)
sup P2 [f'] — Qplf'] < sup Py [f] — Qylf]

< (19.2)
FrELoo (X, A7) £l FEL (X, A) £

according to Lemma 18.6. That is, it only remains to prove (19.2) in the
following:

To this end, choose any a; € A; for every element A; of the partition {A1,..., 4, }
of X . Furthermore, put

N; = {z‘e{l,...,n}] wiGAj}

and let n; be the number of elements in N; for every j € {1,...,r}. In
addition, put

joz{je{l,...,r}’nj:O} and jlz{je{l,...,r}’nj>0}

In particular, this means

{z1,.. .,z NA; = 0 Vied (19.3)
and
ZIAj(.Z‘k) = ny Vj€j1 (194)
k=1

Applying these settings, we can define the map
1 Loo(XA) — Loo(X,A), fr= &)

where

&) = D Flala, + ) <nlj > f’(:m))IAj (19.5)

J€JTo jed iEN;
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Note that this map is defined well and that Jy N J; = 0. Then, it is an
immediate consequence of the definitions that ¢ is linear, positive (&(f') >
0V f' > 0) and normalized ({(Ix) = Ix ). Therefore, the adjoint of £

p i ba(X,A) — ba(X,A),  p— p(u)

— defined by p(u)[f'] = p[€(f)] Vi € ba(X, A), V[ € Loo(X, A) —is an

ordinary randomization; confer also Proposition 8.9. Especially,
p(Q) € baj(X,A")  VQeba](X, A
Note that every f € Lo,(X,.A) may be written as

r
Zaj]Aj = Z OéjIAj =+ Z OéjIAj
j=1

JEJ JET

for some suitable real numbers «aq, ..., a, . Then, it follows from the definition
(19.5) of £ that

g(f) = .f vaEOO(XaA) C Eoo(Xa-A/)

Therefore, p(Q) is an extension of @ to a probability charge on (X, A’) for
every @ € bal(X,.A). Since @/9 is the natural extension of @, this implies

p(Qo) € Ny VY Qo € Ny (19.6)

where Ny is the credal set of ng . In addition, the following calculation shows
that

p(B)) = B (19.7)

This is because

ST EEED o DO INESES 3 =D SFLCH) INCe
k=1 \G€Jo jET N EN;
DY ((1 > f'<xi>)ZIAj<xk>) -
JjEITL T ien; k=1
(19.4) % ((Tll > f’(:m)) .nj> = % S ) =
JET J ien; JEJL iEN;
_ %Zf’(xi) — PO[f] V'€ Loo(X, A))

1

-
Il

Finally, fix any f’ € Loo(X, A"). Then,
leCnIl < 170 (19.8)
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and (19.2) follows from

PO QU oem e - Q4]

1771 Y 7] N
ass) B - p@l] o B EU)] - Qo)
= OMeN, 171 QueN, (Kl
asy P 6] - Qole()] _ B[] ~QolEU)]
= QueN, €] (| -
< sw Py [f] = Qolf]
T feLoo(X,A) [l £1]

So, Theorem 19.1 justifies the following proceeding:

e An application of Section 16.2 turns the imprecise model (PIQ)QGQ—) on
(X, A") into a discretized model (Qy)gco on (X,.A).

e Calculating HIP’;n) — QGH yields an approximation of ||]P’§;n) — ?;H .

Although (X, .A) is a finite space, it is still an issue how to calculate

()
HIP’;’L)—QHH = inf sup P71~ Qolf] (19.9)

QoENY fer (X, A) I £]]

since Ny and L(X, A) still are infinite spaces. As done in Troffaes (2007b), it
would — in principle — be possible to discretize these sets as well. However, this
would not lead to an applicable method because of exceedingly high computa-
tional costs. Instead, the value of the distance can be calculated by means of
linear programming as shown in the following section.

Since we are not really interested in H]P’Ec") — QGH but in
arg inf [|PS") — Q||

the following question raises: Can this arginf be calculated by calculating

(W)
arg inf inf sup |]P'L [f] Q9 [f”

19.10
D N (19.10)

where the infinite set Lo(X,.A) is replaced by the finite set I ? If this was
possible, calculating the minimum distance estimator would become much more
easier. However, this is not possible as can be seen from the following example.
So, we cannot avoid calculating (19.9) in this simple way.

Example 19.2 Take X = {1,2,3,4} and assume that we have n = 4 observa-
tions:
=1, x9=2, x23=3, z4=4
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That is IE”gl) = i51+%62+i53+i(54 ) Furtheiemore,iake K=A{Iny, Iz, Isy}
and consider the coherent upper previsions Qy and ), on K defined by

QolIiy] = -3, Qullizy] = 1 -3, Qllzy] = ;+o

PN

and

QilIy] = +—4da, QyIn] = 1 +4a, Qi) = 1 -«

for any real number 0 < a < % That is © = {0,1}. Then, the arginf in
(19.10) would be § = 0. But,

P~ = 120 > 100 = B0 3|

where H]P)gl) — QOH and H]P’gl) — @OH can be calculated according to the methods
presented in the following section.

19.2 Calculation by linear programming

This section is concerned with the question how to calculate

()1
H}P’Scn)*@e” = inf sup P71/~ Qol/]] (19.11)

QoENs fer(x,A) I £l

where @), is the coherent upper prevision with credal set

Ny = {Qo e bai(X,4) | Qolsi] < Pylfil +erdi V€ Lo}

— confer (16.12) — on the finite sample space (X, A) . Furthermore, z = (z1,...,2,) €
X" is the vector of all observations

L1y «--y T

That is, we have to minimize the convex function

(n) .
N n are an U0
FeL(x,A) A1

However, we do not need any results of convex optimization in order to do this.
Linear optimization is enough — as a matter of fact, the value in (19.11) may be
calculates by one single linear program.

To this end, recall the following definitions from the proof of Theorem 19.1:

Let again {A;,...,A,} C A be the partition of X such that every A € A is
the union of some elements of {Ay,...,A,.}. For every j € {1,...,r}, choose
any a; € Aj, put

Nj = {Z S {1,,71} ‘ Z; EAJ}

and let n; be the number of elements in N; Furthermore,

Jo={jef{l,....r}| n;=0} and 7 = {je{l,....,r}| n; >0}
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In addition, put

€ = erdg Vk e {1,...,5} (19.12)

Now, consider the following linear program:

Z ¢ —7 — max! (19.13)
jeT
where
dg =1 (19.14)
j=1
and
Sgife < Polfil +én VkeT (19.15)
j=1
and
nj .
G- = - Vied (19.16)
for the variables
(‘ha"w%") ERT7 QJZO Vje{l,...,r}, (1917)
and
(vj)jern C R, 720 Yjieh (19.18)

Let By be the optimal value of the above linear program. Then, Proposition
19.3 shows that

1P =@l = 2 (1= 80)
Hence, it is, in fact, enough to solve one single linear program in order to obtain
the distance HIP’;n) —@QH . Of course, this was useless in applications if this linear
program would tend to be unsolvable because of exceedingly high computational
costs. So let us take a closer look on the size of the above linear program:
Since the number of elements in J; is not larger than r An = min{r,n}, we
have the following upper bounds:

Number of variables: r+rAn
Number of inequalities: 2 + §(Kg) + 7 An
According to Section 16.2, r can — in general — exceed beyond all reasonable

bounds (e.g. r = 103%°) but will stay within a reasonable order of magnitude in
most applications; confer e.g. Proposition 16.5.
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Though the number n of observations may be very large, it will hardly reach
astronomical orders of magnitude in real applications.

The size of the number of elements in Ky (i.e. the number of elements in Zy)
will usually be negligible.

In the example presented in the end of Section 16.2, we have the following upper
bounds if the assumptions of Proposition 16.5 are fulfilled:

n =100 n=1000 n =10000 n > 50000
Number of variables: 40140 41040 50040 80180
Number of inequalities: 112 1012 10012 40052

Solving such linear programs will usually be possible within a reasonable time
frame — the more so as a large number of observation leads to a sparse matrix
of coefficients in the linear program since nearly all inequalities are given by
(19.16) then. In case of such sparse matrices, algorithms are available which
can solve huge problems very efficiently.

Furthermore, note that the last column of the above table gives bounds which
do not depend on the number of observations any more. That is, the size of the
linear program stays constant if the number of observations grows to infinity.
If r is not too large, then the estimator can be calculated for any number of
observations.

A very large r will usually result from small values e,d,. However, as already

stated on page 154, ﬁ; cannot be specified so accurately in applications that
too small values e;dy, are meaningful. Such small values €d;; indicates that the
imprecise model (P/‘g)gee is in danger of being instable — confer Chapter 14.
This justifies the alternate proceeding presented on page 154 where (16.23) is
relaxed to (16.24). Firstly, this means that we have to take

ér = s(supfkf € fk)

instead of €, = exdy, in (19.15) of the linear program. Secondly, this means that
M is not chosen in order to fulfill (16.8) in the discretization method presented
in Section 16.2. Instead, M has to be chosen so that

1
M-1 < - < M
g

Then, analog to Proposition 16.22, an upper bound on the size r would be

1
4-s~<1—|—)
€

Hence, we end up with a linear program of a very small size which will nearly
always be solvable. But, by doing this, it is not guaranteed that ||]P’§C") —Qll
still is an approximation of ||IP’;(E") - f;”. On the other hand, this proceeding is
more conservative and, if small changes ' of Py have large effects on ||}P’§L-") Al

IThat is, changes which are small but not as small as e,d;, which is assumed to be very
small here.
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it is a good idea to be more conservative because this may save from arbitrary
results.

The following proposition says that ||IP’§C”) — Q|| can indeed be calculated by
solving the linear program given by (19.13)—(19.18):

Proposition 19.3 Let By be the optimal value of the linear program given by
(19.18) - (19.18). Then,

1P =@yl = 2+ (1= 66)

Proof:
[1] Firstly, it is shown that

P - = 2-> (1P>§;L>(Aj)_Q(Aj))+ VQeN, (19.19)

JjETL

To this end, fix any Q € Ny and note that — due to finiteness of A — the
total variation distance is equal to

P —Q = Y |PI(A)) — Q(4))] (19.20)
=1
Since {A1,...,A,} is a partition of X', we have

0 = PM(x)- ZW) Q(A;) =

> (B - Q(Aj>)+ - Z (P (4)) - QA7)

Jj=1 Jj=1

Hence,

= Y (@) -ew)) + X (B M) - Q@) =
j=1 j=1
_ 5y (p(n) Q Aj))+

j=1

Then, (19.19) follows from the following assertions:
: (n) (n) "
JES = PUA)=0 = (PY(4)-Q4y) =0
[2] Secondly, it is shown that, for every Q € Ny and every j € J1,

(]P’;")(Aj) _Q(Aj)y B w.ei?f(Q)chn)(Aj) = Q(4;) +; (19.21)



CHAPTER 19. IMPLEMENTATION AND APPLICATION OF THE ESTIMATOR191

where
T;(Q = {yeR| >0, Q4))—v <PM(4,))}
In case of P{ (A;) > Q(A;), it is easy to see that the infimum is attained

in 4, =0 € I';(Q) and, therefore (19.21) is fulfilled.

In case of P(n)( Aj) > Q(A,), it is easy to see that the infimum is attained in
¥ = Q(A;) — ]P;”) (A;) € T'j(Q) and, therefore, (19.21) is again fulfilled.
Finally, put

M = {(Q,’y) € NO X Rﬁ(jl) ’ Y= (7j)j€J17 Yj € F](Q) V] S \71}

Then, it follows from part [1] and part [2] that

COMLIZD 5 ST it POY(A) - Q(Ay) +
iz, v €T;(Q)

= 2 inf inf ) PU(A) - QA+, =
QENo er (@) Jea
VjeT
2. it ST PU(A) - Q(4)) + (19.22)

(Q,W)GMJEJ1

inf ||IP(™ —
Jut B - Q)

The definition of J; implies that
dOPM4,) = 1
VISV

Hence,

i (n) _ (19:22) 5. —
Juf, 1P - @l O 2 (1 o 55 -Q(4) +)

,'VM

- 2-(1—( sup ZQ(Aj)—’Vj)

Qa’Y)eMjejl

For every j € {1,...,r}, identify Q(A;) with the variable ¢; in the linear
program. Then, it follows from the definitions of My and M that

sup Y Q(4)) — = B

(Qa'Y)EMjejl

and, therefore,

inf [P — = 2. (1—
Qlél/\/e || T QH ( ﬁ@)

19.3 A small simulation study
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Chapter 20

Vector lattices

This chapter presents the basics of the theory of vector lattices and is mainly
based on (Bhaskara Rao and Bhaskara Rao, 1983, Section 1.5). Important
notions related to vector lattices are bands and L-spaces.

Definition 20.1 Let V' be a vector space which is endowed with a partial or-
dering < such that

z,yeV, x<y = r+z<y+z VzeV

zyeV, x<y = cx<cy Vece][0,00)

Then V s called an ordered vector space.

Definition 20.2 Let V be an ordered vector space. For xz,y € V an element z
with x < z, y < z and the property

zeV, <z y<z = 2 <z

is called supremum of x and y. It is denoted by x V y

If the supremum of x and y exists, it is unique. An infimum of x and y is
analoguously defined. It is denoted by x N y.

w € V is called majorant of a subset S CV if s <w Vs e S. S is called
magorised or order bounded then.

A magorant w € V of S CV is called supremum of S if

weV, s<w VselS = w < w

Definition 20.3 A vector space V' is called vector lattice if it is an ordered
vector space so that, x Vy and x Ay exist for every z,y € V.

Let V be a vector lattice. For z € V, 7 := x V 0 is called positive part of z,
x~ := —(z A0) is called negative part of z and |z| := x* + 2~ is called modulus
of z. The following assertions are valid for every z € V:

r=a" -2~

zt AT =0

lz| =a" v~
x,y € V are called orthogonal, if |z| A |[y| = 0. Orthogonality of x and y is
denoted by = 1 y.
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Definition 20.4 A sublattice W of a vector lattice V' is a vector subspace of V
sothatxVy,zANy € W Ve,ye W.

Definition 20.5 A subset B C V' of a vector lattice V' is called band if
(i) B is a sublattice of V,
(i) re B,0<|y|<|z| = yeB

(iii) each nonempty subset of B that has a magjorant in' V' also has a supremum,
which belongs to B.

Definition 20.6 A vector lattice V is called order complete or Dedekind com-
plete or boundedly complete if every majorised subset of V has a supremum in

V.

Remark 20.7 The intersection of arbitrarily many bands is again a band. FEv-
ery subset S C V of a Dedekind complete vector lattice V' has a smallest band
containing S.

For a subset S C V of a vector lattice V', define
Sl:{er’ zls VSES}

Proposition 20.8 Let S C V be a subset of a Dedekind complete vector lattice
V. Then, St is a band.

Corollary 20.9 Let S C V be a subset of a Dedekind complete vector lattice
V. Then, (S*+)* is the smallest band containing S.

Theorem 20.10 (Riesz Decomposition Theorem) Let B be a band in a
Dedekind complete vector lattice V. Then,

V = Bg Bt

i.e.: for every element x € V, there is a unique x' € B and a unique =" € B+
so that

r=a +a" (20.1)
The maps
mg: V—=DB, zxzw—21 and ngL: V- Bt zw—a”
have the following properties:
e 7mp and gL are linear.
o mp(z') =2 Va'eB, rgi(z’) = 2" Va"e€ Bt

e z>0 = wp(x) >0, wgi(z)>0

o =z = 7wp(x) + mpi(x) VeeV
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If > 0, then 2’ = wp(x) is the supremum of {b €B | 0<b< x} . Therefore,

mp(zr) = \/ (x/\ |s|)

ses

Generally, mp(z) =7np(z") —np(z™) for z € V.

Definition 20.11 A vector lattice V provided with a norm || - || is said to be a
normed vector lattice if the norm is compatible with the modulus | - |, i.e.:
vy eV o<yl =[] <llyll

If, in addition, V is a Banach space, then it is also called a Banach lattice.

The norm of a normed vector lattice V' induces the norm-topology on V.

Proposition 20.12 Let V' be a normed vector lattice. Then, the maps
(z,y) —xVy,  (z,y)—zAy

are norm-continuous. For every subset S C V, S* is norm-closed. Every band
B C V is norm-closed.

Definition 20.13 An L-space V' is a Banach lattice where

znyeV, ©20,y20 = z+yll ==+ ]yl
Theorem 20.14 Every L-space is Dedecind complete.!
Remark 20.15 FEvery band B C V' in an L-space V is itself an L-space.
Definition 20.16 An M-space V' is a Banach lattice where

zyeV, 220,y=20 = |avyll=|=l]V]yl

Definition 20.17 Let V and W be vector lattices. A map ¢ : V — W is called
vector lattice isomorphism or isomorphism of vector lattices if it is

e linear

e bijective

o vEAy)=v@)ANe(y), eEVy) =p@)Vely), Yo,y e V
o v HwAz) = Hw) AN Hz), e HwVz) = Hw)Vel(z),
Yw,z € W

Definition 20.18 Let V and W be Banach lattices. A map ¢ : V. — W s
called Banach lattice isomorphism or isomorphism of Banach lattices if it is

e a vector lattice isomorphism and

o isometric: ||p(x)|| = ||z|| VeV

LConfer e.g. (Schaefer, 1974, Proposition 8.3(ii))
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Definition 20.19 Let V and W be Banach lattices. A map ¢ : V. — W is
called

a) L-space isomorphism or isomorphism of L-spaces if V' and W are L-spaces.

b) M-space isomorphism or isomorphism of M-spaces if V' and W are M-
spaces.

Proposition 20.20 2 Let V and W be vector lattices. A map ¢ :V — W is a
vector lattice isomorphism if and only if it is

e [inear
e bijective
e >0 & o(z) >0

Proposition 20.21 Let V and W be L-spaces. A map ¢ : V. — W is an
L-space isomorphism if and only if it is

e a vector lattice isomorphism and

e normalized: ||o(x)| =|z|]] Va >0,xzeV

Proof: Let ¢ be a normalized vector lattice isomorphism. Then, for every
zeV,

le@ll = Te@I] = ll(e@)” + (e@) "] =
= @) Il + @) 7|l = lle@] + lle@)] =
= =¥ + N7l = lla* + 27| = |[lel]| = llzl
because in a normed vector lattice is || [z] || = [z (cf. (Schaefer, 1974, p. 81)),

i.e. @ is isometric.

The converse statement is trivial. O
Proposition 20.22

a) The dual space of an L-space is an M-space. The dual space of an M-space
is an L-space.

b) Let ¢ : V — W be an M-space isomorphism. Then, the adjoint of ¢
s W =V
is an L-space isomorphism.

For part a), confer (Schaefer, 1974, Proposition 9.1); part b) is an easy corollary
then.

2¢f. (Constantinescu et al., 1998, Proposition 1.5.6 (c))



Chapter 21

Weak topologies

This chapter introduces (a special case of) weak topologies following the lines
of (Dunford and Schwartz, 1958, §V.3). Examples of such topologies which
appear in this book are the weak*-topology on ba(f,.4) and the weak topology
of probability measures.

Let © be a set and L (2) be the Banach space of all bounded functions f :
Q — R with norm || f|| = sup,cq |f(w)]. Let T' C Lo(2) be a linear subspace.
Furthermore, let M be a linear subspace of the dual space I'*. So, every u € M
is a continuous, linear funktional

p: =R, = pulf]
For every f €T, put

Ao M =R, pe Afp) = ulf]
which is a continuous (in the norm-topology), linear functional on M.

Definition 21.1 The I'-topology on M is the weakest topology on M such that
every Ay is continuous (in this topology) for every f € T
That is, the T'-topology on M 1is the weakest topology on M such that the sets

A;l(B)7 fel', BCRopen
are open.

Now, M has two different topologies, namely the norm-topology and the (weaker)
I'-topology. To make clear what topology is used, topological terms such as
compact, open, closure etc. usually are denoted by norm-compact, I'-open,
norm-closure etc.

According to (Dunford and Schwartz, 1958, Definition V.3.2 and Lemma V.3.8),
the sets

N(u,Fie) = {v| |u(f) —v()l <e, fe F}
where
pwe M, Fisa finite subset of ', >0

form a base of the I' - topology

The next theorem sumarizes some common properties of the I'-topology ac-
cording to (Dunford and Schwartz, 1958, p. 420f).
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Theorem 21.2
a) M is alocally convex linear topological (Hausdor(f) space in its T - topology.

b) A net (ug)sep converges to p in the I' - topology if and only if limg ug(f] =
wlf] for every f €T.

¢) The linear functionals on M which are T'-continuous are precisely the func-

tionals Ay :p— plf], fel.
Lemma 21.3 characterizes the subspace topology on My C M generated by the
I’-topology on M.

Lemma 21.3 Let My be a linear subspace of Loo(2) such that My C M. Then,
the subspace topology on My C M generated by the I'-topology on M is equal
to the I'-topology on M.

Proof: Let (ug)gep be a net in My and p € My. Then,
[7%] ? @ € My in the subspace topology on My C M
< ug ? u € My in the I'-topology on M
& pplf] - plf] Vfer
& ug ? @ € My in the I'-topology on My
O

Just for a moment, put M = ba(2, A) and I' = L(£, A). Then, the lower
envelope theorem (Walley, 1991, Theorem 2.6.3 (b)) states that

P[f] = Sup,u[f]v vaACoo(QMA)
HEV

defines a coherent upper prevision for V C ba({2, .A) and the weak*-compactness
theorem (Walley, 1991, Theorem 3.6.1) implies that the credal set of P is equal
to the convex Lo(£2, A)-closure of V.

The following theorem is a generalization of this result for arbitrary linear sub-
spaces I' C Loo(Q) and M C T*. — It is needed for upper expectations and
F-probabilities where weak topologies on ca?(f2,.A) are considered.

Theorem 21.4 LetV C M be any subset of M. Put

P[f] = supulf], VfeT
HEV

Then, the convex T - closure of V is
clreo (V) = {u€M| plfl<P[fIVfeT} = M
Proof: If P[f] < oo, put Iy = (foo, F[f]]; if P[f] = oo, put I =R.

Since every Ay : p+— p[f] is I-continuous and each interval Iy is closed in R,

M = () AN(L)
fer
I'-closed
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is I'-closed. That is, M is a I'-closed convex set which contains V and, therefore,

clrco (V) c M.

Conversely, take any p € M such that p & clrco (V) . M is a locally convex
linear topological space in the T-topology (Theorem 21.2), ¢frco (V) is a I'-
closed convex subset and {u} is I'-compact convex subset such that {u} N
clrco (V) = (). According to (Dunford and Schwartz, 1958, Theorem V.2.10),
there is a I'-continuous linear functional T': M — R such that

sup T(v) < T(w) (21.1)
veEclreo (V)

Next, Theorem 21.2¢) implies existence of some f € I' such that Ay = T.

Hence,
(21.1)

Plfl < sup  v[f] < ulf]
ve€clrco (V)

That is, 4 ¢ M. Hence, M \ clrco (V) = 0 O



Chapter 22

Some technical lemmas

Lemma 22.1 Let = be a Polish space with Borel-o-algebra B and let P be
a probability measure on (E,%8). Then, for every f € Lo(E,B), there is a
sequence of upper semicontinuous functions (fn)nen C Loo(E,B) such that

i< fo<fza. . f and Plf.] / Plf]

Proof: According to Lusin’s Theorem (Bauer, 2001, Theorem 26.7), there is a
sequence of compact subsets (K, ),en of Z such that

_ 1
P(E\K,) <~ V¥neN

and the restriction of f on K, is continuous for every n € N. It is easy to see
that each map
inf f 4 (f — inff)IKn

is upper semicontinuous. Since the maximum of a finite number of upper
semicontinuous functions is again upper semicontinuous, the functions

fo = ox  (nff+(f=nf Ik, ), neN

are upper semicontinuous. Furthermore,

A o< fs<...<f

and
2
0 < limsup P[f,]-P[f] < limsup P(E\ K,,) -2||f|| < limsup—|f| = 0
n n n n
O

Lemma 22.2 Let B be an algebra on a set ), let D be an algebra on a set Z
and ¥ : B — D an algebra homomorphism. Put

C(Ip) = Iy for every B € B

((ijfgj) = ijfq,(Bj) for every simple function on (Y, B)
j=1 j=1
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and

C(g) = lim ((sn) for every g € Loo(Y, B)

n—oo

where each s, is a simple function and ||s, — g|| — 0.
Then,

¢ LoV, B) — ‘COO(va)7 g = C(g)

is a well defined map which is
o linear
e positive: §(h) >0 Vh>0
e normalized: {(Iz) = Ig

Proof: Note that () =0 and ¥(Y) = Z.
Then, ¥ defines a map

ZxB — R, (z,B) = Iyp)(2) (22.1)
such that

e the function z — Iy (p)(2) is an element of L.(Z,D) for every B € B.
e (.: B Iy(p)(2) is a probability charge on B for every z € Z.!

The first statement is obvious. The second statement is an easy consequence
of the properties of U:

CAZ(@) = I\P(@)(z) =0, éz(B) >0 VBeB
and for every By, B, € Bsuch that ByN By = 0,

(.(BiUBy) = Iy(B,uB,)(2) = lup)uwn,)(2) =
= Typ)(2) + Ty, (2) = C(B1) +((Ba)

Since éz is a probability charge for every z € Z, we can define the map

f(g) : Z - R, z — ((9)(2) (22.2)
for every g € Loo(), B) where

(o6 = [swily  viez, geL.vB (23
Then, for every simple function Z;n:l bjlp, on (¥,B),

é(ijIBj> Zb /I\I,B) ) - (dy) Zb Iy(s,) (22.4)
j=1

1The map defined by (22.1) essentially behaves like an ordinary Markov kernel. However,
it is not exactly a Markov kernel because B is, in general, not a o-algebra but an algebra.
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is a simple function on (Z,D). Now, take any g € L (Y, B). Then, there is a
sequence of simple functions s, such that ||s, — g|| — 0 and

Sgp|§(8n)(2) ~C9)(=)] < sgp/llsn —gllC(dy) = llsn —gll — 0 (22.5)

This implies that (g) is bounded and ((g) € Lso(Z,D).
Hence,
: Lo(VB) = Lc(2.D), g = ((9)
is a well defined map which is obviously linear, positive and normalized.

Finally, it follows from (22.3) and (22.5) that

Clg) = Clg) VYgeLu(V.B)

For ease of reference, the following lemma is proven:

Lemma 22.3 Let X be a linear topological space and ¢ : X — R a linear,
continuous function. Then, for any subset A C X,

sup {p(z) | z € A} = sup {p(z)| z € clco(A)}
where clco(A) denotes the closed convex hull of A in X .

Proof: According to (Dunford and Schwartz, 1958, Theorem V.2.1(a)), the
closed convex hull clco(A) is equal to the closure of the convex hull co(A) of
A, ie.

cleo(A) = cl(co(A))

Hence, it suffices to show
sup {¢(z) | x € A} > sup{p(z)| = € co(A)} > sup{p(x)| = € cl(co(A))}
The first inequality follows from linearity:
D Mk | = > Mplar) < sup p(ax) < supp(x)
k=1 k—1 k=1,...,n x€EA

for any convex combination of z1,..., 2, € A.

The second inequality follows from continuity according to (Denkowski et al.,
2003, Theorem 1.1.29):

p(zo) = lim p(z,y) < sup o(x)
yeD zeco(A)

for every accumulation point z of co(A). O

Lemma 22.4 Let V, and V5 be L-spaces. Let By C Vi be a band in Vi and
By C V; be a band in Vi such that By # {0}. Then:

a) Every transition & : By — V4 can be extended to a transition o : Vi — V3
such that o(by) = 6(b1) for every by € By .
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b) For every transition o : Vi — Vs, there is a transition & : Vi — By such
that

U(l‘l) € By, 1€V = 5’($1) = O'(:L‘l) (226)

Proof:
a) Fix any & € V3 such that 22 > 0 and ||z2|| = 1. Then,
px1) = (lof | = llarll) 72 Va1 €W

defines a transition p : Vi — V5. Let m; be the projection of V; onto the
band B; and 7i be the projection of V; onto the band Bi-. Some simple
calculations show that

o(z1) = gom(z1) + pomy(z1)
defines an extension of & to a transition o : Vi — V5.

b) Let 72 be the projection of V4 onto the band By and 7y be the projection
of Va onto the band By . Fix any by € By such that by > 0 and ||ba]| = 1.
Then, R

o(w2) = ma(wa) + (w3 (23)] — w3 (23)]]) - ba

defines a transition 7 : Vo — Bg such that 73(be) = by for every by € B,
Finally, & = 73 o o defines a transition &3 : V3 — Bs which fulfills (22.6).

O
Lemma 22.5 Let Q1 and Qo be sets with algebras Ay and As respectively. Let
o: ba(Q, A1) — ba(Qa, As)
be a restricted randomization. Then, there is a finitely additive Markov kernel
T: Y x Ay — R, (w1, A2) = 7, (A2)
such that

T(wl,Ag) = Z a@(wl) . (55)2(142) le S Ql , A2 S ./42

0260
where Qs C Qs is a finite set,
Az, >0, ag, € Loo(Q2,A2) Vg € Qs and Z ag, =1 (22.7)
D260
and, in addition,

Voy € Qy 3As € Ay such that Ay NQy = {@o} (22.8)

Proof: It only has to be shown that €, can be chosen in the definition of
restricted randomizations in such a way that (22.8) is additionally fulfilled.
According to the definition of restricted randomizations, there is a a finitely
additive Markov kernel

T: Y xAy — R, (wlaAQ) = Twl(AQ)
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such that

T(wl,Ag) = ﬂ~é(w1)~5%(A2) le GQl, A2 GAQ

where Q) C s is a finite set,

By >0, Bay € Loo(Q2,A2) Vb € and Z Bay, =1

According to finiteness of Qé, it is easy to see that there is a subset Qy C Q’2
and a family of sets B ~
Ag,z S .AQ s Wy € QQ
such that
e the sets 1‘1@2 are disjoint for wy € Qs ,
e (€ fL;,Q for every ws € Qs
e for every @ € () there is some @y € Qy such that &4 € Ag,

o W)€ 121@2 implies that the following assertion is valid for every Ay € As:
Wy € A =4 C:)é € Ay (229)

To say it in other words: The elements of 52’2 are separated by some sets
Az, € As as far as possible. If two elements of Q cannot be separated by
Az, one element is too much and this redundant element is thrown away.

Next, put
ag, = Y. By (22.10)
whe Az, N,

Then, (22.7) and (22.8) are fulfilled. Furthermore, (22.9) and (22.10) imply

Twi, A2) = Y Bay(wi) 0z (A2) = Y ag,(wi) -0, (42)
04€Q) D26

for every wy € 0 and As € As. O

Lemma 22.6 Assume that S is a probability charge on (U,C) so that S[wg] =

% V6O € © where v : U — R denotes the projection of u onto the 8-component

ug of uw. Then, Sy : h — S[niph] defines a precise model (Sp)gco on (U,C) and

i, B((S0)o.p, W) = SIK(W)] (22.11)

for every decision space (D, D) and every loss function
W: 0xD — R, (0,t) — Wy(t); (Wo)oco € Lo(D, D)
K (W) is defined as in (11.4).

Proof: Obviously, (Sg)eco is a precise model on (U,C). Statement (22.11) is
proven by two steps:



CHAPTER 22. SOME TECHNICAL LEMMAS 205

[1] Let W : (,t) — Wy(t) be a loss function such that each Wy € Lo (D, D)

is a simple function. Since © is finite, there is a finite subset D :=
{t1,...,tm} C D so that

{(W@( 06@‘ tED} = {(Wa( 96@’ tE]D)}
Let the elements of the set A be the families (a;)iep C Loo(U,C) where D
is a finite subset of D, ay >0 Vt € D and ZteD a=1.

Put I'i(u Z mrgWg Jep(u), thus in]IfD I, = K(W)
TE
USC]
For j € {1,...,m}, let V; be the set of elements u € U so that I';, (u) =

infrep I'; (u) )
J—1
of ;:Vj\(Uv;) and &y, = Iy, i=1,....m

Note that U; € C. The definition of {t1,...,ty} ensures that (U;);j=1,...m
is a partition of . Hence, » , 5 & = 1 and (&), p € A. Furthermore,

Z&t(u)Ft(u) = inf T'-(u) (22.12)
teD

Let p be the restricted randomization which corresponds to (&), g € A.
Then,

S mop(So)Wa) 2 / inf Ty (u) S(du) = S[K(W)]  (22.13)

TeD
0co

So, (22.11) follows from (22.13) and

inf Z ng(Sg)[Wg] Prop. 111 inf Z T9Se [ Z Wg (t)at} =

PET.(UD) =2 (anreped I8 e
inf ar(w)Te(u) S(du) =
(Oét teDGA/;; t t )
> inf inf I' (u ag(u) S(du :/ianTuSdu
- (O‘t)tGS€A/T€D ( ); t( ) ( ) €D ( ) ( )
—

=1
[2] Fix any e > 0. Then, for every 6 € ©, there is a simple function W, €

Lo (D, D) so that Wy—e < Wy < Wog+e VOeO;cf (2.6). That is,
W :(6,t) — Wy(t) is a loss function as in [1]. Hence,

ETH%LD)ZWQ,O (So)[Wy] < ( ET(UD)ZWW (Sh) [We])-i—s =

W S{K(W)] +e = S[Tilelﬂf))%nﬂgWe(T)Le} +e <

IN

S[Tirelﬂf);)nﬂgWQ(T)Lg} +2 = S[K(W)} + 2



CHAPTER 22. SOME TECHNICAL LEMMAS 206

d 1 1 inf So)[Wy| > SIK(W)| —2¢.
and, analogously, pe%l(lu,ﬂ))g(;)mp( 0)[We] > { ( )] e

Since £ > 0 was arbitrarily chosen, (22.11) follows.
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